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Abstract

Data-driven modeling refers to the use of measurement data to infer the parameters and struc-
ture of a mathematical model. While currently an active area research, data-driven modeling is
characterized by the cycle of hypothesis, observation, and conclusion, which is none other than the
scientific method, and can be traced back to Aristotle. For millenia, attempts have been made to
distill governing laws from the observations made on a given system, with the hope of both ex-
plaining the observations and predicting future observations. Major accomplishments in this vein
include Archimedes’ principle of buoyancy, Newtonian physics, and Rontgen’s X-rays. In each of
these cases, the observations of a peculiar phenomena, often accidental, compelled the researcher
to develop models. It is this map from observations to models that is at the heart of this thesis.

The paradigm shift in recent years, driven by increased computing power, availability of large
quantities of data, and the development of advanced mathematical techniques and algorithms,
has been to automate the process of data-driven modeling. In the terminology of hypothesis,
observation, and conclusion, automation can occur at the level of developing hypotheses about
possible mathematical models, or the design of experiments which differentiate between the many
possible models, or the map which takes experimental data and returns a mathematical model.
To complete the cycle, one could also consider algorithms which generate potential nearby models
given the model that is found to best fit the data.

In this dissertation, we explore algorithms which automate the map from observations to gov-
erning equations, specifically differential equations. Our key contribution is the development of
algorithms which identify differential equations in a weak form, which loosely refers to integrating
the differential equation against arbitrary functions. We will show that the weak form is an ideal
framework for identifying models from data if the criteria are robustness to data corruptions, highly
accurate model recovery when corruption levels are low, and computational efficiency.

We will demonstrate the superiority of our weak-form sparse identification for nonlinear dy-
namics algorithm (WSINDy) in the discovery of correct underlying model equations in a variety
of differential equation and data corruption scenarios. We start with the simplest case, of ordi-
nary differential equations (ODEs) depending only on time. We then move to partial differential
equations (PDEs), where state variables change in both time and space. We then bridge the two
previous regimes by considering interacting particle systems (IPSs), where the weak form is used
to identify a mean-field PDE using data that can also be described as a large system of ODEs.
Finally, we establish feasibility of weak-form identification of PDEs in an online context, where data
is streamed in. In the online setting, we demonstrate the possibility of identifying time-varying

models as well as models from data in four dimensions (3 space + 1 time).
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Chapter 1

Introduction

1.1 Background

Stemming from Akaike’s seminal work in the 1970’s [1, 2], research into the systematic creation
of accurate mathematical models from data has progressed dramatically. In the last 40 years,
substantial developments have been made at the interface of applied mathematics, computer science,
and statistics to design algorithms for automated selection of models from data that are both
statistically rigorous and computationally efficient (see [21, 80, 85, , , | for both theory
and applications). An important achievement in this field is the sparse regression approach, which
formulates and subsequently discretizes the model selection problem in terms of a candidate basis of
functions evaluated at the given dataset, and utilizes a sparsification measure to avoid overfitting.
While similar approaches were already commonplace by 1975 for linear discrete-time system analysis
(see the textbook [29]), extension to nonlinear continuous dynamical systems wasn’t initiated until
1987 [35]. The subject then progressed slowly for two decades.

Notable improvements arose with the application of genetic algorithms in 2009 [124], where
the authors developed a symbolic regression algorithm and employ Pareto front analysis to select
sparse models for ordinary differential equations. In 2011, an algorithm was developed to select
models for catastrophe prediction using ¢1-minimization, the hallmark of compressive sensing [1410)].
Finally, this approach gained widespread popularity after its generalization as the SINDy algorithm
(Sparse Identification of Nonlinear Dynamics) [23], which demonstrated success in selected sparse
models across the spectrum of discrete and continuous nonlinear dynamical systems.

Sparse regression approaches to data-driven modeling are promising due to their potential gen-
eralizability, computational efficiency, and interpretability. Sparse models have the best shot at
avoiding overfitting, since they relax the requirement that the model must accurately approximate
the training data, if the resulting model is simple enough. From a practical standpoint, sparse
models have fewer operations and hence can be solved efficiently. Moreover, the output is a model
with recognizable terms selected from a known dictionary, which can be analyzed and controlled

using the wealth of techniques developed over the last few centuries.



On the other hand, sparse regression is only as useful as the library of terms designed by the
user, and the ability of the algorithm to select the right terms, possibly amidst several seemingly
equivalent options. An alternative view that avoids these challenges is the approximation approach
(e.g. using deep neural networks), which seeks only to find a fast input-to-output map that approx-
imates the underlying phenomena, with no aspirations of interpreting what happens between input
and output. This is advantageous from the point of view of making fast predictions across many
inputs. The algorithm WSINDy discussed here (weak-form SINDy) lies distinctly on the side of
selecting sparse models. One can only expect that superior methods will arise at the intersection
of selection and approximation in the future, and we argue that WSINDy should be used to tackle
the selection component.

Notable variants of sparse regression-based model selection include [120], [23], and [122], where
the Douglas-Rachford algorithm, sequential-thresholding least squares (STLS), and basis pursuit
with denoising are used to successfully arrive at sparse models. The SINDy algorithm, upon which
our weak-form variant WSINDy is based, uses sequential-thresholding least-squares (STLS) to
enforce a sparse solution z € R™ to a linear system Az = b. While STLS provably converges to a
local minimizer of the desired functional F(z) = || Az — b||3 + A2 ||z|| o in at-most n iterations [158],
methods of enforcing sparsity remain a focus of intense study [161, 5, 27, 34]. A primary driver of
continued developments in sparse regression for data-driven modeling is the highly-correlated nature
of resulting linear systems, rendering theoretical guarantees from compressed sensing unhelpful.
For example, there is no hope in general of guaranteeing a restricted isometry property or mutual
coherence (see [52] for a comprehensive review of compressed sensing) when each column of the
matrix is constructed from the same dataset.

In addition to the sparse regression approach adopted in SINDy, some of the primary techniques

for data-driven modeling include Gaussian process regression [109, |, deep neural networks [91,
, 88, 118, 141, 80, 32, , 79, 152], Bayesian inference [159, 160, , 145], and classical methods
from numerical analysis [69, 75, ]. These approaches qualitatively differ in the interpretability of

the resulting data-driven dynamical system, computational efficiency of the algorithm, scope of the
algorithm, and its robustness to noise, scale separation, limited data, etc. For instance, a neural-
network based data-driven dynamical system does not easily lend itself to physical interpretation’.
Concerning the scope of an algorithm, several methods have been developed to discover models in
specific contexts, such as low-degree polynomial chaotic systems, cyclic ODEs, interacting particles,
Hamiltonian dynamics, and biochemical reaction networks [137, , 90, , 63]. Often these
limited-scope algorithms are amenable to analysis and are presented with some form of recovery
guarantee. In this dissertation, we have aimed to provide an algorithm of wide scope that is near the

state-of-the-art with respect to robustness to noise, computational efficiency, and interpretability.

! There have been efforts to address the interpretability of neural networks, see e.g. [104, , ]



1.2 Weak-Form Sparse Identification of Nonlinear Dynamics

A significant disadvantage of the vast majority of data-driven modeling methods, both in prac-
tice and in theory, is the requirement that pointwise derivatives of the data are either available or
can be accurately computed. This severely limits an algorithm’s robustness to noise and hence its
applicability to real world data. This dissertation is primarily concerned with relaxing this assump-
tion and providing rigorous justification for the weak formulation of the dynamics as a means to
circumvent this ubiquitous problem in model selection. Building off of the SINDy framework, we
present the robust discovery algorithm WSINDy (Weak-form SINDy), which operates under the
assumption that derivatives of the data are neither available nor computable, and that the only
prior knowledge of the governing equations is their inclusion in a large model library.

The use of integral equations for system identification was proposed as early as the 1980’s [35]
and was carried out in a sparse regression framework in [121] in the context of ODEs, however
neither works utilized the full generality of the weak form. Steps to alleviate pointwise deriva-
tive approximations are also taken by the authors of [112] and [151], where neural network-based
recovery schemes are combined with integral and abstract evolution equations to recover PDEs,
and in [1413, 112], where the finite element-based method Variational System Identification (VSI) is
introduced to identify reaction-diffusion systems and uses backward Euler to approximate the time
derivative.

WSINDy is a method for discovering differential equations without the use of any pointwise
derivative approximations, black-box routines or conventional noise filtering. Through integration
by parts in both space and time against smooth compactly-supported test functions, WSINDy is
able to recover models from datasets with much higher noise levels, and PDEs from truly weak
solutions (see Figure 3.5.1 in Section 3.5, as well as interacting particle system examples in 4.5).
This works suprisingly well even as the signal-to-noise ratio approaches one (see Figure 3.5.3).
Furthermore, WSINDy achieves high-accuracy recovery in the low-noise regime, due to spectral
accuracy of the trapezoidal rule for smooth compactly supported functions (see Figure 2.2).

It should be noted that these overwhelming improvements resulting from a fully-weak identifi-
cation method were also been discovered independently by another group [ 14, 57] shortly before
WSINDy was released in May 2020. WSINDy offers several advantages over these alternative
frameworks. Firstly, we use a convolutional weak form which enables efficient model identification
using the Fast Fourier Transform (FFT). For measurement data with NV points in each of the D 41
space-time dimensions (NP1 total data points), the resulting algorithmic complexity of WSINDy
in the PDE setting is at worst O(NP*!log(N)), in other words O(log(N)) floating point oper-
ations per data-point. Subsampling then greatly reduces the cost. Furthermore, our FFT-based
approach reveals a key mechanism behind the observed robustness to noise, namely that spectral
decay properties of test functions can be tuned to damp noise-dominated modes in the data, and we

develop a learning algorithm for test function hyperparameters based on this mechanism. WSINDy



also utilizes scale invariance of the PDE and a modified STLS algorithm with automatic threshold
selection to recover models from (i) poorly-scaled data and (ii) large candidate model libraries.
These properties are what has enabled our weak-form method to thrive in the challenging scenarios
of interacting particle systems (Chapter 4) and online identification (Chapter 5), which were not

explored in [114, 57].

1.3 Dissertation Outline

Chapters 2-5 contain previously published or submitted work, and are presented here with little
modification. We include the original abstracts at the beginning of each chapter, as well as an
appendix following each chapter (note there is no overall appendix at the end of the dissertation).
In Chapter 2, we present WSINDy in the context of ordinary differential equations, content which
was submitted to STAM: Multiscale Modeling and Simulation in June 2020 and published Septem-
ber 2021 [100]. We then demonstrate the wide scope of the weak-form methodology in Chapter 3,
which extends the original framework to partial differential equations. Chapter 3 was submitted
to the Journal of Computational Physics in July 2020 and published October 2021 [99]. In Chap-
ter 4 we demonstrate effectiveness of the weak-form in identifying stochastic interacting particle
system dynamics from particle trajectories by using mean-field PDE representations. Chapter 4
was submitted to Physica D: Nonlinear Phenomena in November 2021 and is currently in press
[98]. In Chapter 5 we provide a brief proof of concept for an online version of the algorithm, which
departs from previous approaches in the way that sparsity is enforced, but retains the PDE-level
implementation. Chapter 5 was recently accepted for publication in the Proceedings of Machine
Learning Research [101]. Chapters 2-4 were written in collaboration with my advisor David M.
Bortz, while Chapter 5 was written in collaboration with David M. Bortz and Emiliano Dall’ Anese.

We now review the main findings of each chapter.

1.3.1 Chapter 2: WSINDy for ODEs

Applied to ODEs, the primary objective is demonstrate a crucial aspect of our weak-form
approach, that WSINDy is capable of identifying systems across a wide range of noise levels.
This is in contrast to strong-form methods, where the algorithm is required to change (e.g. the
differentiation method and denoising techniques) depending on the different noise levels. With
WSINDy we achieve both high-accuracy recovery for low-noise, and high-probability recovery for
high-noise, without changing the method. We also show that within the myriad possibilities for
weak formulations, a particular class of test functions offers suprising accuracy and robustness
to noise (see Figure (2.2) for accuracy and Figures (2.A.2)-(2.A.3) for robustness compared to
standard SINDy). We identify several important questions that arise in the automated selection of

test-functions and weak-form based variance reduction, and provide some preliminary answers.



1.3.2 Chapter 3: WSINDy for PDEs

WSINDy truly shines in the PDE setting, where the weak-form is using to identify models from
solutions that can only be understood in a weak sense. Here model identification is often robust to
a staggering 50% noise (to be defined below). We find that the question of test function selection
is related to the Fourier spectrum of the dataset, which is revealed by posing the weak-form as
a convolution, and restricting the focus to separable test functions. (Initially, we developed the
convolutional form and separability for purely computational purposes.) We also introduce a simple
and interpretable way to select the sparsity threshold, leveraging the speed of the STLS algorithm,
and we introduce data rescaling into the algorithm to improve conditioning, especially in the face

of data with numerically disparate scales.

1.3.3 Chapter 4: WSINDy for IPSs

Harkening back to the author’s time as a masters student, we next develop WSINDy for stochas-
tic interacting particle systems (IPSs) by leveraging that the empirical measure of an IPS converges
in a suitable weak sense to the solution of an associated nonlocal PDE. We incorporate nonlocal
terms into the WSINDy PDE library, which are computed efficiently by performing convolutions
on low-rank representations of kernels, again using the FFT. Principally, this approach bridges an
important gap from trajectory data on finitely-many particles to identification of models in the
continuum limit. We show that this approach is effective at recovering homogenized PDEs directly

from particle data with highly-oscillatory diffusion, as well as nonlocal models with singular kernels.

1.3.4 Chapter 5: Online WSINDy

In the online setting, we restrict ourselves to the setting of limited storage capacity, streaming
data, and no ability to perform least-squares solves. The goal is to iteratively solve for the correct
model and track parameter values using snapshots in time of the solution to the underlying PDE.
In this setting, we explore models with time-varying coefficients, finding that the algorithm can
track an abruptly changing wavespeed, and large datasets that cannot be processed easily on a

laptop.



Chapter 2

WSINDy for ODEs

Abstract

We present a novel weak formulation and discretization for discovering governing equations from
noisy measurement data. This method of learning differential equations from data fits into a new
class of algorithms that replace pointwise derivative approximations with linear transformations and
variance reduction techniques. Compared to the standard SINDy algorithm presented in [23], our
so-called Weak SINDy (WSINDy) algorithm allows for reliable model identification from data with
large noise (often with ratios greater than 0.1) and reduces the error in the recovered coefficients
to enable accurate prediction. Moreover, the coefficient error scales linearly with the noise level,
leading to high-accuracy recovery in the low-noise regime. Altogether, WSINDy combines the
simplicity and efficiency of the SINDy algorithm with the natural noise reduction of integration, as

demonstrated in [121], to arrive at a robust and accurate method of sparse recovery.



2.1 Problem Statement

Consider a first-order dynamical system in D dimensions of the form

%X(t) =F(z(t)), x(0)=x0eR’, 0<t<T, (2.1.1)

and measurement data y € RM*P given at M timepoints t = (t1, ... ,t3)7 by
Ymd:Xd(tm)+6mda m e [M]a de [D]7

where throughout we use the bracket notation [M] := {1,..., M}. The variable e € RM*? repre-
sents a matrix of i.i.d. measurement noise. The focus of this chapter is the reconstruction of the
dynamics (2.1.1) from the measurements y.

The SINDy algorithm (Sparse Identification of Nonlinear Dynamics [23]) has been shown to be
successful in solving this problem for sparsely represented nonlinear dynamics when noise is small
and dynamic scales do not vary across multiple orders of magnitude. This framework assumes that

the function F : RP? — RP in (2.1.1) is given component-wise by
J
Fa(x(t) = 30wy £(x(0) (2.1.2)
j=1

for some known family of functions (f;);c[s] and a sparse weight matrix w* € R7*P_ The problem

is then transformed into solving for w* by building a data matrix O(y) € RM*/ given by

Q(Y)mj = fj(Ym)a Ym = (ymla"'7YmD)7

so that the candidate functions are directly evaluated at the noisy data. Solving (2.1.1) for F then

reduces to identifying a sparse weight matrix w such that
y~0O(y)w (2.1.3)

where y is the numerical time derivative of the data y. Sequential-thresholding least squares is

then used to arrive at a sparse solution.

2.2 Weak SINDy

We approach the problem of system identification (2.1.3) from a non-standard perspective by
utilizing the weak form of the differential equation. Recall that for any smooth test function

¢ : R — R (absolutely continuous is sufficient) and interval (a,b) C [0, 7], equation (2.1.1) admits



the weak formulation

o(b)x(b) — / &' (u) x(u) du = / o(u du, 0<a<b<T. (2.2.1)

With ¢ = 1, we arrive at the integral equation of the dynamics explored in [121]. If we instead take

¢ to be non-constant and compactly supported in (a,b), we arrive at

/¢> du—/ (u . (2.2.2)

Assuming a representation of the form (2.1.2), we then define the generalized residual R(w; ¢) for
a given test function ¢ by replacing F with a candidate element from the span of (f;);e(s) and x

with y as follows:

b J
Rwid)i= [ | $uy()+ o) | Sowifivw) | | du (2.2

Clearly, with w = w* and y = x(t) we have R(w;¢) = 0 for all ¢ compactly-supported in
(a,b); however, y is a discrete set of data, hence (2.2.3) can at best be approximated numerically.

Measurement noise then presents a significant barrier to accurate indentification of w*.

2.2.1 Method Overview

For analogy with traditional Galerkin methods, consider the forward problem of solving a
dynamical system such as (2.1.1) for x. The Galerkin approach is to seek a solution x represented

in a chosen trial basis (f;);e(s) such that the residual R, defined by

R = [ o(6)x(t) - F(x(t) at,

is minimized over all test functions ¢ living in the span of a given test function basis (¢x)ic|x]-
If the trial and test function bases are known analytically, inner products of the form (f;, ¢x)
appearing in the residual can be computed exactly. Thus, the computational error results only
from representing the solution in a finite-dimensional function space.

The method we present here can be considered a data-driven Galerkin method of solving for F
where the trial “basis” is given by the set of gridfunctions (f;(y));es evaluated at the data and
only the test-function basis (¢y) ke[k) is known analytically. In this way, inner products appearing
in R(w; ¢) must be approximated numerically, implying that the accuracy of the recovered weights
w is ultimately limited by the quadrature scheme used to discretize inner products. Using Lemma
1 below, we show that the correct coefficients w* may be recovered to effective machine precision

accuracy (given by the tolerance of the forward ODE solver) from noise-free trajectories y by
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discretizing (2.2.2) using the trapezoidal rule and choosing ¢ to decay smoothly to zero at the
boundaries of its support. Specifically, in this chapter we demonstrate this fact by choosing test
functions from a particular family of unimodal piecewise polynomials S defined in (2.2.6).

Having chosen a quadrature scheme, the next accuracy barrier is presented by measurement
noise, introducing randomness into the residuals R(wj;¢). Numerical integration then couples
residuals R(w; ¢1) and R(w;¢2) whenever ¢ and ¢, have overlapping support. In this way,
R(w; ¢) does not have an ideal error structure for least squares, but may be amenable to generalized
least squares. Below we analyze the distribution of the residuals R(w; ¢) to arrive at a generalized
least squares approach where an approximate covariance matrix can be computed directly from
the test functions. This analysis also suggests that placing test functions near steep gradients
in the dynamics may improve recovery, hence we develop a derivative-free method for adaptively

clustering test functions near steep gradients.

Remark 1. The weak formulation of the dynamics introduces a wealth of information: given M
timepoints t = (t;)me(n), equation (2.2.2) affords K = M (M — 1)/2 residuals over all possible
supports (a,b) C t x t with a < b. Of course, one could also assimilate the responses of multiple
families of test functions ({¢11€}ke[K1]a {Gb%}ke[Kg}, . .); however, the computational complexity of
such an exhaustive approach quickly becomes intractable. We stress that even with large noise, our
proposed method identifies the correct nonlinearities with accurate weight recovery while keeping

the number of test functions lower than the number of timepoints (K < M).

2.2.2 Algorithm: Weak SINDy

We state here the Weak SINDy algorithm in full generality. We propose a generalized least
squares approach with approximate covariance matrix . Below we derive a particular choice of
¥ which utilizes the action of the test functions (¢y)re[x] on the data y. Sequential-thresholding
on the weight coefficients w with thresholding parameter A is used to enforce sparsity, where
A < minys»g |[W*| is necessary for recovery. Lastly, an /;-regularization term with coefficient v is
included for problems involving rank deficiency. Methods of choosing optimal values of A\ and ~
directly from a given dataset do exist, for instance by selecting the optimal position in a Pareto
front [31], however this is not the focus of our current study and thus we select values that work
across multiple examples. Specifically, in the experiments below we set v = 0 with the exception
of the nonlinear pendulum and the five-dimensional linear system, examples which show that reg-
ularization can be used to discover dynamics from excessively large libraries. For noise-free data
the algorithm is only weakly dependent on A and so we use A = 0.001, while for noisy data we set

A = 7 mingsz |W*].

w = WSINDy (y.t ; (¢)kex): (fi)jern S5 A7)

1. Construct matrix of trial gridfunctions O(y) = [f1(y)| ... | f7(y)]
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2. Construct integration matrices V, V' such that
Viem = At (tm), Vi = At (tm)

3. Compute Gram matrix G = VO(y) and right-hand side b = —V'y so that Gy; = (¢x, f;(¥))
and byg = —(¢}., ya)

4. Solve the generalized least squares problem with fs-regularization
# = argmin,, {(Gw — b)Y (Gw — b) + 12 ||WH§} ,

using sequential thresholding with parameter A to enforce sparsity.

With this as our core algorithm, we can now consider a residual analysis (Section 2.2.3) leading to
a generalized least squares framework. We can also develop theoretical results related to the test
functions (Section 2.2.4), yielding a more thorough understanding of the impact of using uniform

(Section 2.2.4) and adaptive (Section 2.2.4) placement of test functions along the time axis.

2.2.3 Residual Analysis

Performance of WSINDy is determined by the behavior of the residuals
R(wW; ¢x) == (Gw —b), € R*P,

denoted R(w) € RE*P for the entire residual matrix. Here we analyze the residual for autonomous
F to highlight key aspects for future analysis, as well as to arrive at an appropriate choice of
approximate covariance Y. We also provide a heuristic argument in favor of placing test functions
near steep gradients in the dynamics.

*

A key difficulty in recovering the true weights w* is that for nonlinear systems the residual
evaluated at the true weights w* is biased: E[R(w*)] # 0. Any minimization of R thus introduces
a bias in the recovered weights w. Nevertheless, we can understand how different test functions
impact the residual by linearizing around the true trajectory x(¢) and isolating the dominant error

terms:

R(wW; o) = (o, O(y)W) + (o}, ¥)
= (o, Oy)(Ww —w")) + (b, O(y)W") + (¢}, ¥)
(P, OF)(W — W) + (¢, ( ) —F(x)) + (¢, €) + I
= (¢r, Oy)(W — W*)) + (d, eVF(x))+ (¢}, €) +I + O(€%)
Rl R2 T
OF

where VF(x)aer = 5% (x). The errors manifest in the following ways:
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R is the misfit between w and w*

Ry results from measurement error in trial gridfunctions: f;(y) = f;(x +¢€) # f;(x)

R3 results from replacing x with y = x + € in the left-hand side of (2.2.2)

I is a deterministic integration error

e O(€?) is the remainder term in the truncated Taylor expansion of F(y) around x:
F(ym) = F(x(tm)) + en VF(x(tm)) + O(lem]?).

Clearly, recovery of F when € = 0 is straightforward: R; and Iy are the only error terms, thus one
only needs to select a quadrature scheme that ensures that the integration error Ij, is negligible
and w = w* will be the minimizer. A primary focus of this study is the use of a specific family
of piecewise polynomial test functions S defined below for which the trapezoidal rule is highly

accurate (see Lemma 1). Figure 2.2 demonstrates this fact on noise-free data.

For ¢ > 0, accurate recovery of F requires one to choose hyperparameters that exemplify
the true misfit term R; by enforcing that the other error terms are of lower order. We look for
(Pk)rex) and X = CCT that approximately enforce C™'R(w*) ~ N(0,0°T), justifying the least
squares approach. In the next subsection we address the issue of approximating the covariance
matrix, providing justification for using ¥ = V/(V")T. The following subsection provides a heuristic
argument for how to reduce corruption from the error terms Re and Rj3 by placing test functions

near steep gradients in the data.

Approximate Covariance X

Neglecting the deterministic integration error, which can be made small (see Lemma 1 below),

and higher-order noise terms, the residual evaluated at the true weights is approximately
R(W";¢p) ~ Ro + I3
where E [Ro] = E[R3] = (0,...,0) implies that E[R(w*)] = 0 to leading order. Given the variances
V[Ry] = V[(6x, eVF(x))] = At o? (|| ox [VEL (O[3, [0 [VFo ()1 [3)

and

VIR = V[0 )] = Ato? (|lék]l.- - [ hll3)
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the true distribution of R(w*) depends on F, which is not known a priori. If it holds that [|¢} ||, >
|6k [IVFq(x)]l5, d € [D], a leading order approximation to Cov(R(w*)) is

Y=V (V’)T x Cov(R3),

using that Cov(R3);; = = Ato? < d)’ > For this reason, we employ localized test functions and
adopt the heuristic ¥ = V/(V’)T below.

Adaptive Refinement

Next we show that by localizing ¢y around large |x|, we get an approximate cancellation of the
error terms Ry and R3. Consider the one-dimensional case (D = 1) where m is an arbitrary time
index and y,, = x(t,,,) +€ is an observation. When |X(¢,,)| is large compared to €, we approximately

have
Ym = X(tm) + €m = X(tm + 0t) = x(tm,) + 0tF (x(t)) (2.2.4)

for some small dt, i.e. the perturbed value y,, lands close to the true trajectory x at the time
tm + 0t. To understand the heuristic behind this approximation, let t¢,, + 6t be the point of

intersection between the tangent line to x(t) at ¢,, and x(¢,,) + €. Then

hence |x(tm,)| > € implies that x(¢,,) + € will approximately lie on the true trajectory. As well,
regions where |%x(t,,)| is small will not yield accurate recovery in the case of noisy data, since
perturbations are more likely to exit the relevant region of phase space. If we linearize F using the

approximation (2.2.4) we get
F(ym) = F(x(tm)) + 0tF (x(tm))F (x(tm)) = F(x(tm)) + 5t (tm).- (2.2.5)

Assuming ¢y, is sufficiently localized around t,,, (2.2.4) also implies that

(OhsX) + (Phs€) = (D, y) = (P, ) + 0t (¢}, F(x)),
N——

R3

hence R3 ~ 6t (¢}, F(x)), while (2.2.5) implies

(Pr, O(y)W) = (D5, O(y) (W — W")) + (%, F(y))

—R;

~ (01, O(Y) (W — W) + (dr, F(x)) + 5t (dp, %)
~—

~Ra

= (o1, O(y) (W — W*)) + (¢, F(x)) — 6t (¢}, F(x))
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having integrated by parts. Collecting the terms together yields that the residual takes the form

R(W; dr) = (Dh,y) + (0r, O(y)W) = Ry,

and we see that Ro and Rs have effectively cancelled. In higher dimensions this interpretation
does not appear to be as illuminating, but nevertheless, for any given coordinate x4, it does hold
that terms in the error expansion vanish around points t,, where |%X4| is large, precisely because
Xq(tm) + € ~ xq(tm + dt).

2.2.4 Test Function Basis (¢r)rc[x

Here we introduce a test function space & and quadrature scheme to minimize integration
errors and enact the heuristic arguments above, which rely on ¢, having fast decay to its support
boundaries and sufficiently localized to ensure Hqﬁmg > ||¢r|l5- We define the space S of unimodal

piecewise polynomials of the form

o(t) = C(t—a)Pb—1t)? tela,bl], (2.2.6)
0 otherwise,

where (a,b) C t x t satisfies @ < b and p,q > 1. The normalization

oo 1 p+gq p+q
PPl \b—a

ensures that ||¢|| ., = 1. Functions ¢ € S are non-negative, unimodal, and compactly supported in

[0,T] with |min{p, ¢} ] — 1 continuous derivatives. Larger p and ¢ imply faster decay towards the
endpoints of the support. For p = ¢q, we refer to p as the degree of ¢.

To ensure the integration error in approximating inner products (fj, ¢x) is negligible, we rely
on the following lemma, which provides a bound on the error in discretizing the weak derivative

relation

- [otit= [of i (227)

using the trapezoidal rule for compactly supported ¢. Following the lemma we introduce two

strategies for choosing the parameters of the test functions (¢z)re[x] C S.

Lemma 1 (Numerical Error in Weak Derivatives). Let f, ¢ have continuous derivatives of order p
and define t; = a —I—jb_Ta =a+ jAt. If ¢ has roots ¢p(a) = ¢(b) = 0 of multiplicity p, then

N

—_

%; [9(t)) + 9(tj1)] = O(AEH), (2.2.8)
=0

J]=
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where g(t) = ¢'(t)f(t) + ¢(t)f'(t). In other words, the composite trapezoidal rule discretizes the

weak derivative relation (2.2.7) to order p+ 1.

Proof. This is a simple consequence of the Euler-Maclaurin formula. If g : [a,b] — C is a smooth

function, then the following asymptotic expansion holds:

2

—1
% [g(tj) + g(tj+1)] N/ dt + Z At2 BZk ( (Qk:—l)(b) N g(2k:—1)(a)) ’

J

Il
=)

where By, are the Bernoulli numbers. The asymptotic expansion provides corrections to the trape-
zoidal rule that realize machine precision accuracy up until a certain value of k, after which terms
in the expansion grow and the series diverges [36, Ch. 3]. In our case, g(t) = ¢/(t)f(t) + ¢(t) f'(t)

where the root conditions on ¢ imply that
b
/ g dt=0 and ¢®(B) =g®(a) =0, 0<k<p—1.

So for p odd, we have that

N-1 00
At At?* By,
at AU Dok ((2k—1) 3y (2k—1)
5 O lolty) + g(ten)] ~ e GO R @)

J=0 k=(p+1)/2

B
=~ 0P 0)f(b) = 6P (a)f (@) AT+ O (M),
(p+ 1)!
For even p, the leading term is O(AtP*2) with a slightly different coefficient. O

For ¢ € § with p = g, the exact leading order error in term in (2.2.8) is

2" By
p+1

(f(b) = f(a))AtPH, (2.2.9)

which is negligible for a wide range of reasonable p and At values. The Bernoulli numbers eventually
start growing like pP, but for smaller values of p they are moderate. For instance, with At = 0.1
and f(b) — f(a) = 1, this error term is o(1) up until p = 85, where it takes the value 0.495352,
while for At = 0.01, the error is below machine precision for all p between 7 and 819. For these
reasons, in what follows we choose test functions (¢x)rex] C S and discretize all integrals using the
trapezoidal rule. Unless otherwise stated, each function ¢y, satsifies p = ¢ and so is fully determined
by the tuple {px, ax, br} indicating its polynomial degree and support. In the next two subsections

we propose two different strategies for determining ¢, using the data y.



16

Strategy 1: Uniform Grid

The simplest strategy for choosing a basis of test functions () re(k] C S is to place ¢y uniformly
on the interval [0, 7] with fixed degree p and fixed support size

L := #{t Nsupp(¢y)}

(i.e. L is the number of timepoints in t that ¢y is supported on). The triple (L, p, K) then defines

the scheme, where each piece effects the distribution of the residual R(w).

Step 1: Choosing L: Heuristically, the support size of ¢, relates to the Fourier transform of the data.
If supp(¢y) is small compared to the dominant wavemodes in the dynamics, then high-frequency
noise will dominate the values of the inner products (¢),y). If supp(¢x) is much larger than the
dominant wavemodes, then too much averaging may occur, leading to unresolved dynamics. A

natural choice is then to set L equal to the period of a known active wavemode! k:

I 1 2m M
At @AT/R) Lk
In the noise-free and small-noise experiments below we set L = L%j and leave optimal selection of

L based on Fourier analysis to future work.

Step 2: Determining p: In light of the derivation above of the approximate covariance matrix
¥ = V'(V")T, we define the parameter p := ||¢} ||, / ||¢x |5, which serves as an estimate for the ratio
V' V[Rs3]/V[R2] between the standard deviations of the two dominant error terms R3 and R in the
residual R(w*). Larger p indicates better agreement with the approximate covariance matrix X,

since ¥ < Cov(R3). Furthermore, for ¢ € S we have the exact formula

_ D dp+1
b—a?\p-1%1 )"

where T'(z) = [;°t*"'e~" dt is the Gamma function. Given p? > (5 + 2v/6)/(b — a)?, a polynomial

degree p may be selected from p using the formula

3)
I'(2p+1)I(2p+ 3)

o 8p* [T(2p—1)'(2p+
P h—a)p

p= 5 (=02 - 1)+ VB=arr - 07 50— ar7?) |

Step 3: Determining K : Next we introduce the shift parameter s € [0, 1] defined by

5= dp(t) st Gp(t") = dppa(tY),

'Such that Fi(y) := Z;Vigl yme 279R/M is not negligible.




17

which determines K from p and L. In words, s is the height of intersection between ¢ and ¢g41
and measures the amount of overlap between successive test functions. More overlap increases the
correlation between rows in the residual R(w) and hence leads to larger off-diagonal elements in the
covariance matrix . Larger s implies that neighboring functions overlap on more points, with s = 1
indicating that ¢, = ¢py1. Specifically, neighboring test functions overlap on |L(1 — /1 — s1/7)|
timepoints. In Figures 2.3 and 2.4 we vary the parameters p and s and observe that results agree
with intuition: larger p (better agreement with ) and larger s (more test functions) lead to better

recovery of w*. We summarize the uniform grid algorithm below.

w = WSINDnyG (Y7 t; (f])]E[J]a L7 Py S, )\a 7)
1. Construct matrix of trial gridfunctions ©(y) = [f1(y)| ... | fs(y)]

2. Construct integration matrices V, V' such that
Vim = At¢k(tm)a V;cm = Até;g(tm)

with the test functions (¢y) re[k) determined by L, p, s as described above

3. Compute Gram matrix G = VO(y) and right-hand side b = —V'y so that Gy; = (¢, f;(¥))
and by = — (4}, ya)

4. Compute approximate covariance and Cholesky factorization ¥ = V/(V/)T = cCT

5. Solve the generalized least squares problem with /e-regularization
W = argmin,, {(GW —b)'2(Gw —b) + 2 HWH%} ,
using sequential thresholding with parameter A to enforce sparsity.

Strategy 2: Adaptive Grid

Motivated by the arguments above, we now introduce an algorithm for constructing a test func-
tion basis localized near points of large change in the dynamics. This occurs in three steps: 1)
construct a weak approximation to the derivative of the dynamics v & %, 2) sample K points ¢
from a cumulative distribution ¢ with density proportional to the total variation |v|, 3) construct
test functions centered at c using a width-at-half-max parameter rp,, to determine the parameters
(pk, ak, by) of each function ¢. Each of these steps is numerically stable and carried out indepen-

dently along each coordinate of the dynamics. A visual diagram is provided in Figure 2.1.

Step 1: Weak Derivative Approzimation: Define v := —V/ y, where the matrix —V/ enacts a

linear convolution with the derivative of a chosen test function ¢ € S of degree p,, and support size



0 0.05 0.1 0}15 0.2 0.25 0.

Test function ¢ and derivative —¢' used to

compute v
1

0.8

0.6

0.4+

0.2+

() s e e RS e e e S T e ]
0 5 10 15 20 25 3
]L

Cumulative distribution ¢ = [ v dt

18

2.5 .
vl
2
1.5}
>
1t
0.5 +
0 . .LJ..MJHULLL.J‘_L.L .uLll._I.l.L.u.J.Lm
0 5 10 1)‘5 20 25 3

Approzimate total variation |v|

0 5 10 1f5 20 25 3
Data 'y from the Duffing equation and result-

g grid c

Figure 2.1: Adaptive grid construction used on data from the Duffing equation with 10% noise
(onr = 0.1). As desired, the centers ¢ are clustered near steep gradients in the dynamics despite
large measurement noise. (Note —¢(t)’/10 is plotted in the upper-left instead of —¢(t)’ in order to

visualize both ¢ and ¢'.)
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L., so that
Vm = — <¢/7Y> = <¢7y> ~ Ym

The parameters L,, and p,, are chosen by the user, with L,, = 5 and p,, > 2 corresponding to taking
a centered finite difference derivative with 3-point stencil. Smaller p,, results in more smoothing
and minimizes the corruption from noise while still accurately locating steep gradients in the dy-

namics. For the examples below we arbitrarily? use p,, = 2 and L,, = 17.

Step 2: Selecting c: Having computed v, define 1 to be the cumulative sum of |v| normalized so
that max ¢y = 1. In this way % is a valid cumulative distribution function with density proportional
to the total variation of y. We then find ¢ by sampling from . Let U = [0, %, %, ce %] with
K being the number of the test functions, we then define ¢ = ¢y~(U), or numerically,

cp =min{t €t : Y(t) > Uy}.
This stage requires the user to select the number of test functions K.

Step 3: Construction of Test Functions (¢r)re[x): Having chosen the location ¢ of the centerpoint
for each test function ¢, we are left to choose the degree p; of the polynomial and the supports
[ak, bg]. The degree is chosen according to the width-at-half-max parameter 7., which specifies
the difference in timepoints between each center ¢j and arg,{¢y(t) = 1/2}, while the supports are
chosen such that ¢ (b, — At) = 10716, This gives us a nonlinear system of two equations in two
unknowns which can be easily solved (i.e. using MATLAB’s fzero). This can be done for one
reference test functions and the rest of the weights obtained by translation. The optimal value of
Twhm depends on the timescales of the dynamics and can be chosen from the data using the Fourier
transform as in the uniform grid case, however for simplicity we set ryp,, = |M/100] in the large

noise examples below.
The adaptive grid Weak SINDy algorithm is summarized as follows:

w = WSINDy_AG (y7 t; (fj)je[J]apw7 Ly, K, rwhms A '7):
1. Construct matrix of trial gridfunctions ©(y) = [f1(y)| ... | fs(y)]

2. Construct integration matrices V, V' such that
Vim = At¢k(tm)7 ;cm = At(ﬁ./k(tm)v

with test functions () ke[K] determined by py,, Ly, K, ryhm as described above

2We find that a lower-degree test function with small support effectively locates steep gradients in noisy trajectories.
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3. Compute Gram matrix G = VO(y) and right-hand side b = —V'y so that Gy; = (¢x, f;(¥))
and byg = —(¢}., ya)

4. Compute approximate covariance and Cholesky factorization ¥ = V/(V/)T = CCT

5. Solve the generalized least squares problem with fs-regularization
# = argmin,, {(Gw —b)TSY(Gw — b) + 12 ||WH§} ,

using sequential thresholding with parameter A to enforce sparsity.

2.3 Numerical Experiments

We now show that WSINDy is capable of recovering the correct dynamics to high accuracy
over a range of noise levels. We examine the systems in Table 2.1 which exhibit several canonical
dynamics, namely growth and decay, nonlinear oscillations and chaotic dynamics, in dimensions
D € {2,3,5}. To generate true trajectory data we use MATLAB’s ode45 with absolute and relative
tolerance 10719 and collect M samples uniformly® in time with sampling rate At. The parameters
M and At are chosen to provide a balance between illustrating ODE behaviors and avoiding an
overabundance of observations. Gaussian white noise with mean zero and variance o2 is added to

the exact trajectories, where o is computed by specifying a noise ratio oy and setting

a::aNRl23§) (2.3.1)

where the Frobenius norm of a matrix x € RM™*P is defined by x| := \/Zn]‘le S [%mal?.
The ratio of noise to signal is then approximately equal to the square root of the variance:
lell /1%l ~ o

We measure the accuracy in the recovered dynamical system using the relative ||-||  error in the

recovered coeflicients,

W —wp

Eay(w) = , (2.3.2)

w* [

and the relative |-|| » error between the noise-free data x and the data-driven dynamics x44 along

the same time points:

Xdd — X
Ex(xga) = 10— Xllr d\CIIXHF le. (2.3.3)

The collection of ODEs in Table 2.1 are all first-order autonomous systems, however they exhibit
a diverse range of dynamics. The Linear 5D system (for 5 < 0) and Duffing’s equation are both

examples of damped oscillators, showing that WSINDy is able to discern whether such motion

3We leave a detailed study of non-uniform time sampling to future work.
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Name Governing Equations M At
T = —w5 — fr1 + T2,

Linear 5D Ty = —xj—1 — Bx; + Tiy1, ©=2,3,4 | 1401 | 0.025
5 = —x4 — Prs + 21
561 = T2,

Duffing ) 3 3001 | 0.01
Tg = —0.229 — 0.221 — Bay
'j:l = T2,

Van der Pol . 9 3001 | 0.01
T9 = Pro(l —x7) — x1
1 = 3wy — Br170,

Lotka-Volterra . 1001 | 0.01
Tro = ﬁl’ll‘g — 6([32
jjl = T2,

Nonlinear Pendulum . ) 501 0.1
9 = —sin(z)
1 = 10(z2 — 1),

Lorenz 3 = 21(28 — 23) — 22, 10001 | 0.001
l"g = T1T — §SL’3

Table 2.1: ODEs used in numerical experiments. For Linear 5D, Duffing, Van der Pol and Lotka-
Volterra we measure the accuracy in the recovered system as the parameter § varies (see Table
2.2).

is governed by linear or nonlinear coupling between variables. For 8 > 0, the Linear 5D system
exhibits exponential growth. The Van der Pol oscillator, Lotka-Volterra system and nonlinear
pendulum demonstrate that a stable limit cycle with abrupt changes may manifest from vastly
different nonlinear mechanisms, which turn out to be identifiable using the weak form. Finally, the
Lorenz system exhibits deterministic chaos and hence the dynamics cover a wide range of Fourier

modes, which easily become corrupted with noise.

2.3.1 Noise-Free Data

The goal of the following noise-free experiments is to demonstrate convergence of the recovered
weights W to the true weights w* to within the accuracy tolerance of the ODE solver (fixed 10710
throughout). In light of Lemma 1, this should occur as the decay rate of the test functions (¢x)re(x)
is increased, which for test functions in class S (see equation (2.2.6)) is realized by increasing the
polynomial degree p. Hence, over the range of parameter values in Table 2.2, for each system we
test convergence as p increases. We use the uniform grid approach with shift parameter s chosen
such that the number of test functions equals to the number of trial functions (K = J), resulting
in square Gram matrices G = VO(y). The support of the basis functions along the timegrid t is
set to L = L%J points. The data-driven trial basis (f;);e[s; includes all monomials in the state

variables up to degree 5 as well as the trigonometric terms cos(nyg), sin(nyg) for n = 1,2 and
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ODE B x(0) L [AL| J(=K)
Linear 5D (-0.3,-0.2,—0.1,0.1} (10,0,0,0,0)T 57 | 5 252
Duffing (0.01,0.1, 1, 10) 0,2)T 121 | 99 29
Van der Pol (0.01,0.1, 1, 10) 0,07 121 | 99 29
Lotka-Volterra |  (0.005,0.01,0.1, 1) (1,nT 41 | 33 29
Pendulum — 22(0) =0, 21(0) € {om, 1om, &, f=7} [ 21 | 16 29
Lorenz — ~ U[,15,15]2><[10’40] 401 141 68

Table 2.2: Specifications for parameters used in illustrating simulations in Figure 2.2.

d € [D]. We set the regularization parameter to zero (v = 0), with the exception of the nonlinear
pendulum where v = 1078, and the sparsity threshold to A = 0.001. We note that a non-zero v is
always necessary to discover the nonlinear pendulum from combined trigonometric and polynomial
libraries since sin(x1) is well-approximated by polynomial terms, however the same is not true
for low-order polynomial systems. In cases considered here, sequential thresholding successfully
removes trigonometric library terms for ODE systems with polynomial dynamics despite initially
ill-conditioned Gram matrices G resulting from combining polynomial and trigonometric terms.
Figure 2.2 shows that in the limit of large p, WSINDy recovers the correct weight matrix w*
of each system in Table 2.1 to an accuracy of O(107!%). For the Linear 5D system, we vary
the growth/decay parameter, showing that the system is identifiable to high accuracy despite an
excessively large trial library (252 terms). For Duffing’s equation and the Van der Pol oscillator, the
same convergence trend is observed for § values spanning several orders of magnitude. Accuracy
is slightly worse for the Lotka-Volterra equation when S = 0.005, which corresponds to highly
infrequent predator-prey interactions and leads to solutions with large amplitudes and gradients.
For the nonlinear pendulum, we test that WSINDy is able to identify the sin(x;) nonlinearity for
both large and small initial amplitudes, noting that z(0) = %—57r ~ 7 produces strongly nonlinear
oscillations, while z1(0) = 11—67r produces small-angle oscillations where sin(z;) ~ z;. In addition,
for the pendulum we use fewer samples (M = 501) and a larger time step At = 0.1, and hence
observe a decreased the convergence rate. For the Lorenz equations we vary the initial conditions,
generating 40 random initial conditions from a region covering the strange attractor, and show

convergence over all cases.

2.3.2 Small-Noise Regime

We now turn to the case of low to moderate noise levels, examining a noise ratio oyg in the
range [107°,0.04] for the Van der Pol oscillator and Duffing’s equation. We examine p € [1,7]
and s € [0.3,0.95] where p := ||¢,lly/||oklly and s is the height of intersection of two neigh-
boring test functions ¢ and ¢r+1 (with s = 1 leading to ¢ = ¢p+1 and s = 0 indicating
supp(¢r)Nsupp(¢rr1) = 0). Using the analysis from Section 2.2.3, increasing p affects the dis-
tribution of the residual R(w) by magnifying the portion R3 = (¢, €) that is linear in the noise.
For ¢ € S, larger p corresponds to a higher polynomial degree p, with p € [1, 7] leading to p € [2,98].
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Figure 2.2: Noise-free data (onxg = 0): plots of relative coefficient error Fo(w) (defined in (2.3.2))
vs. p. V1-V4 indicate different ODE parameters (see Table 2.2). For the Lorenz system the
parameters are fixed and 40 different initial conditions are sampled from a uniform distribution. In

each case, the recovered coefficients w rapidly converge to within the accuracy of the ODE solver
(10~10),
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Figure 2.3: Small-noise regime: dynamic recovery of the Duffing equation with 5 = 1. Top: heat
map of the log;, average error Es(w) (left) and sample standard deviation of Fa(w) (right) over
200 instantiations of noise with onxr = 0.04 (4% noise) vs. p and s. Bottom: Ea(w) vs. p for fixed
s = 0.5 and various oyg. For p > 3 the average error is roughly an order of magnitude below onR.

Larger shift parameter s corresponds to more test functions (higher K), but also to higher correla-
tion between rows in G, as (¢, f;(y)) = (r+1, fj(y¥)) when the supports of ¢, and ¢ sufficiently
overlap. Here s € [0.3,0.95] corresponds to K € [14,451]. We again use the uniform grid approach
with v =0 and \ = iminwj*_#o |W;| For each system we generate 200 instantiations of noise and
record the coefficient error over the range of s and p values.

From Figures 2.3 and 2.4 we observe two properties. Firstly, the coefficient error Fs(w) mono-
tonically deceases with increasing s and p, hence accurate recovery requires sufficient overlap be-
tween test functions (large enough shift parameter s) and sufficiently localized test functions that
amplify the portion of the residual that is linear in the noise. Secondly, for large enough p and s,
the error in the coefficients scales linearly with oyp, leading to an accuracy of Fo(w) ~ 0.1lonr,
or —logyy(0.1oR) significant digits in the recovered coefficients. In Appendix 2.A we show that
this second property does not hold for standard SINDy, in particular the method of differentiation

must change depending on the noise level in order to reach a desired accuracy.
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Figure 2.4: Small-noise regime: dynamic recovery of the Van der Pol oscillator with 8 = 4. Top:
heat map of the log;, average error Ey(w) (left) and sample standard deviation of Fa(w) (right)
over 200 instantiations of noise with oy = 0.04 (4% noise) vs. p and s. Bottom: Es(w) vs. p for
fixed s = 0.5 and various oyg. Similar to the Duffing equation, average error falls to roughly an
order of magnitude below oxn g, although for Van der Pol this regime is reached when p = 6.
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Figure 2.5: Large-noise regime: Linear 5D Equation with damping 8 = —0.2. All correct terms were

identified with an error in the weights of Ea(W) = 0.0064 and a trajectory error of (W) = 0.013.

2.3.3 Large-Noise Regime

Figures 2.5 to 2.10 show that adaptive placement of test functions (Strategy 2) can be employed
to discover dynamics in the large noise regime with fewer test functions. We test that each system
in Table 2.1 can be discovered under oxr = 0.1 (10% noise) from only 250 test functions distributed
near steep gradients in y, which are located using the scheme in Section 2.2.4 with p,, = 2 and
L,, = 17. We set the width-at-half-max of the test functions to 7, = |M/100] timepoints. To
exemplify the separation of scales and the severity of the corruption from noise, the noisy data y,
true data x and trajectories x4q from the learned dynamical systems are shown in dynamo view
and in phase space (for D < 3). We extend x49 by 50% to show that the data-driven system
captures the true limiting behavior. We set the sparsity to A = iminw*ﬂ |w*| and v = 0 except
in the linear 5D and nonlinear pendulum examples, where v = /ong ~ 0.32. For the trial basis
we use all monomials up to degree 5 in the state variables, and for the pendulum we include the
trigonometric terms sin(kyy), cos(kyq) for k =1,2 and d = 1, 2.

In each case the correct terms are identified with coefficient error Eo(W) < 1072, in agreement
with the trend Fs(w) ~ 0.10 g observed in the small noise regime. For the Linear 5D, Duffing, and
Lotka-Volterra systems (Figures 2.5, 2.6, 2.8) the data-driven trajectory x4 is indistinguishable
from the true data to the eye, with trajectory error &(w) < 0.02. For the Van der Pol oscillator
and nonlinear pendulum (Figures 2.7 and 2.9), x44 follows a limit cycle with an attractor that
is indistiguishable from the true data (see phase plane plots) however an error in the period of
oscillation of roughly 0.6% leads to a larger trajectory error. The data-driven trajectory for the
Lorenz equation diverges from the true trajectory around ¢ = 2.5 (Figure 2.10), which is expected

from chaotic dynamics, but still remains close to the Lorenz attractor.
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Figure 2.6: Large-noise regime: Duffing Equation, 8 = 1. All correct terms were identified with an
error in the weights of Ea(w) = 0.0075 and a trajectory error of &(w) = 0.014.
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Figure 2.7: Large-noise regime: Van der Pol oscillator, 8 = 4. All correct terms were identified with
coefficient error Eo(w) = 0.0073 and trajectory error &(w) = 0.32. The data-driven trajectory
X4q has a slightly shorter oscillation period of 10.14 time units compared to the true 10.2, resulting
in an eventual offset from the true data x and hence a larger trajectory error. Measured over the
time interval [0, 8] the trajectory error is 0.065.
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Figure 2.8: Large-noise regime: Lotka-Volterra system with 8 = 1. All correct nonzero terms were
identified with an error in the weights of Eso(w) = 0.0013 and trajectory error & (w) = 0.0082.
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Figure 2.9: Large-noise regime: nonlinear pendulum with initial conditions x(0) = (157/16, 0)7.
All correct nonzero terms were identified with an error in the weights of Es(w) = 0.0089 and an
error between £(w) = 0.076.
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Figure 2.10: Large-noise regime: Lorenz system with xg = (-8, 7, 27)T. All correct terms were
identified with an error in the weights of Es(w) = 0.0084 and trajectory error £(w) = 0.56. The
large trajectory error is expected due to the chaotic nature of the solution. Using data up until
t = 1.5 (first 1500 timepoints) the trajectory error is 0.027.
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2.4 Concluding Remarks

We have developed and investigated a data-driven model selection algorithm based on the weak
formulation of differential equations. The algorithm utilizes the reformulation of the model selection
problem as a sparse regression problem for the weights w* of a candidate function basis (f;);e[s
introduced in [1410] and generalized in [23] as the SINDy algorithm. Our Weak SINDy algorithm
(WSINDy) can be seen as a generalization of the sparse recovery scheme using integral terms found
in [121], where dynamics were recovered from noisy data using the integral equation. We have
shown that by extending the integral equation to the weak form, and using test functions with
certain localization and smoothness properties, one may discovery the dynamics over a wide range
of noise levels, with accuracy scaling favorably with noise: E2(W) =~ 0.1ong.

A natural line of inquiry is to consider how WSINDy compares with conventional SINDy. There
are several notable advantages of WSINDy; in particular, by considering the weak form of the
equations, WSINDy completely avoids approximation of pointwise derivatives which significantly
reduce the accuracy in conventional SINDy. When using SINDy, one must choose an appropriate
numerical differentiation scheme depending on the noise level (e.g. finite differences are not robust
to large noise but work well for small noise). For WSINDy, test functions from the space S (see
Section (2.2.4)) together with the trapezoidal rule are effective in both low noise and high noise
regimes. We demonstrate these observations in Appendix 2.A by comparing WSINDy to SINDy
under several numerical differentiation schemes. On the other hand, it may be the case that less
data is required by standard SINDy. For the examples show here, WSINDy works optimally for
test functions supported on at least 15 timepoints, while many derivative approximations require
fewer consecutive points.

WSINDy also utilizes the linearity of inner products with test functions to estimate the covari-
ance structure of the residual, performing model selection in a generalized least squares framework.
This is a much more appropriate setting given that residuals are neither independent nor uniformly
distributed, however we note that our implementations in this chapter employ approximate covari-
ance matrices and could benefit from further refinements and investigation. In Appendix 2.B we
show that using generalized least squares with approximate covariance improves some results over
ordinary least squares, but not significantly. We leave incorporation of more detailed knowledge
of the covariance structure to future work. In addition, generalized least squares could potentially
improve traditional model selection algorithms that rely on pointwise derivative estimates by sim-
ilarly exploiting linear operators. Ultimately, a thorough analysis of the advantages of generalized
least squares for model selection deserves further study.

Lastly, the most obvious extensions lie in generalizing the WSINDy method to spatiotempo-
ral datasets. WSINDy as presented here in the context of ODEs is an exciting proof of concept,
with natural extensions to spatiotemporal and multiresolution settings building upon the exten-

sive results in numerical and functional analysis for weak and variational formulations of physical
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problems.
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Appendix

2.A Comparison between WSINDy and SINDy

Here we compare WSINDy and SINDy using the Van der Pol oscillator, Lotka-Volterra sys-
tem and Lorenz equation. For WSINDy we place test functions along the time axis according to
the uniform grid strategy. For SINDy, we examine three differentiation methods: total-variation
regularized derivatives (SINDy-TV), centered 2nd-order finite difference (SINDy-FD-2), and cen-
tered 4th-order finite difference (SINDy-FD-4). For SINDy-TV we use default settings and set the
regularization parameter equal to the timestep.

For each system and noise level we generate 200 independent instantiations of noise and record
the average coefficient error Fo(W) (equation (2.3.2)) as well as the average True Positivity Ratio
(TPR) [50)

TP(w)

TPR(W) = 75 &) T FP(w) + FN(W)’ (2.A.1)

where TP(w) is the number of correctly identified nonzero terms, FP(w) is the number of falsely
identified nonzero terms, and FN(w) is the number of terms that are falsely identified as having a
coefficient of zero. Since the feasible range of sparsity thresholds A depends on the noise level, we
adopt the selection methodology in [99] to choose an appropriate A value for each instantiation of
noise: \ is chosen from the set 10{~5+15:¢€ {0503} (i.e. the 51 values from 1075 to 1 equally spaced

logy() as the minimizer of the loss function

|Aw® — AWO|,  #{j:w) £0)
AW J ’

L) =

where A = VO(y) for WSINDy and A = O(y) for SINDy; w” is the sequential-thresholding least-
squares solution for sparsity threshold A and J is the number of terms in the model library (for
further details see [99]).

From Figures (2.A.2)-(2.A.3) we observe that for small noise (up to oyr = 1071), the coeffi-
cient error for WSINDy follows the linear trend Fa(W) ~ 0.1onpr (observed in the text) and that
SINDy-FD-4 behaves similarly but with slightly worse accuracy. For larger noise, SINDy diverges
in accuracy and identification of the correct nonzero terms for each differentiation scheme, while
WSINDy maintains a TPR of at least 0.8 up to 40% noise for each system. WSINDy thus pro-
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Figure 2.A.1: Comparison between WSINDy and SINDy: Van der Pol. Clockwise from top left:
small-noise TPR(w) (defined in (2.A.1)), large-noise TPR (W), large-noise Ea(W) (defined (2.3.2)),
small-noise Fo(W).

vides an advantage across the entire noise spectrum examined, all while employing the same weak

discretization scheme.

2.B Generalized Least Squares vs. Ordinary Least Squares

Generalized least squares (GLS) aims to account for correlations between the residuals [70].
Given a linear model y = X3 4 ¢ where Cov(e) = ¥ and E[¢|X] = 0, the GLS estimator of the

parameters § upon observing g is
B=(XTy1X) T XTn .

This provides the best linear unbiased estimator of 5 in the sense that if B is any other unbiased
estimator, then J3 has lower variance: V[ﬁz] <V[B],i=1,...,n.

Above we derived an approximate covariance matrix ¥ ~ V’(V’)7 to use in the GLS implemen-
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Figure 2.B.1: Comparison between WSINDy with generalized least squares and WSINDy with
ordinary least squares using the Duffing equation. Results are averaged over 200 instantiations of
noise.

tation of WSINDy, although the true covariance depends on the underlying unknown dynamical
system and hence is unattainable. In addition, since in our case X = G = VO(y) depends on
the noise €, the assumption E[e|X] = 0 is violated. Nevertheless, we find that the noise regime
onr € [ 0.01,0.3] does benefit from using GLS over LS. Figure 2.B.1 shows that for the Duffing
equation, GLS extends the region {oxgr | TPR(W) > 0.95} from onyg < 0.05 to oyg < 0.15, as well
as increases the accuracy in the recovered coeflicients. This suggests that further improvements

can be made with a more refined covariance matrix.
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Chapter 3

WSINDy for PDEs

Abstract

Sparse Identification of Nonlinear Dynamics (SINDy) is a method of system discovery that has
been shown to successfully recover governing dynamical systems from data [23, ]. Recently, sev-
eral groups have independently discovered that the weak formulation provides orders of magnitude
better robustness to noise. Here we extend our Weak SINDy (WSINDy) framework introduced in
[100] to the setting of partial differential equations (PDEs). The elimination of pointwise derivative
approximations via the weak form enables effective machine-precision recovery of model coeffi-
cients from noise-free data (i.e. below the tolerance of the simulation scheme) as well as robust
identification of PDEs in the large noise regime (with signal-to-noise ratio approaching one in
many well-known cases). This is accomplished by discretizing a convolutional weak form of the
PDE and exploiting separability of test functions for efficient model identification using the Fast
Fourier Transform. The resulting WSINDy algorithm for PDEs has a worst-case computational
complexity of O(NP*+1log(N)) for datasets with N points in each of D + 1 dimensions. Further-
more, our Fourier-based implementation reveals a connection between robustness to noise and the
spectra of test functions, which we utilize in an a priori selection algorithm for test functions. Fi-
nally, we introduce a learning algorithm for the threshold in sequential-thresholding least-squares
(STLS) that enables model identification from large libraries, and we utilize scale invariance at
the continuum level to identify PDEs from poorly-scaled datasets. We demonstrate WSINDy’s
robustness, speed and accuracy on several challenging PDEs. Code is publicly available on GitHub
at https://github.com/MathBioCU/WSINDy_PDE.


https://github.com/MathBioCU/WSINDy_PDE
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3.1 Chapter Outline

The outline of the chapter is as follows. In Section 3.2 we define the system discovery problem
that we aim to solve and the notation to be used throughout. We then introduce the convolutional
weak formulation along with our FFT-based discretization in Section 3.3. Key ingredients of the
WSINDy algorithm for PDEs (Algorithm 3.4.2) are covered in Section 3.4, including a discussion
of spectral properties of test functions and robustness to noise (3.4.1), our modified sequential
thresholding scheme (3.4.2), and regularization using scale invariance of the underlying PDE (3.4.3).
Section 3.5 contains numerical model discovery results for a range of nonlinear PDEs, including
several vast improvements on existing results in the literature. We conclude the main text in Section
3.6 which summarizes the exposition and includes natural next directions for this line of research.

Lastly, additional numerical details are included in the Appendix.

3.2 Problem Statement and Notation

Let U be a spatiotemporal dataset given on the spatial grid X C Q over timepoints t C [0, 7]
where € is an open, bounded subset in R”, D > 1. In the cases we consider here, € is rectangular
and the spatial grid is given by a tensor product of one-dimensional grids X = X1 ® -+ ® Xp,
where each X4 € RY¢ for 1 < d < D has equal spacing Az, and the time grid t € RN¥P+1 has equal
spacing At. The dataset U is then a (D + 1)-dimensional array with dimensions N1 X -+ X Np41.
We write h(X,t) to denote the (D + 1)-dimensional array obtained by evaluating the function
h:RP xR — C at each of the points in the computational grid (X, t). Individual points in (X, t)
will often be denoted by (xg,tx) € (X, t) where

(Xks t) = (XklwnkD’ tkD+1) = (Thy, - - - 7ka’tkD+1) eR” xR.

In a mild abuse of notation, for a collection of points {(xx,tx)}re(x] C (X,t), the index k plays
a double role as a single index in the range [K]| := {1,..., K} referencing the point (xj,t;) €
{(Xk,tk)}ke[K] and as a multi-index on (xg,tx) = (X, ..kp>tkp,,), Where kg references the dth

CE*J of the form

coordinate. This is particularly useful for defining a matrix G €
Grj = hj(Xp 1)

(as in equation (3.3.6) below) where (h;) jeqy] is a collection of J functions hj : R” x R — C evalu-
ated at the set of K points {(x, k) fre[x) C (X, t).

We assume that the data satisfies U = u(X, t) + € for i.i.d. noise! € and weak solution u of the

'Here € is used to denote a multi-dimensional array of i.i.d. random variables and has the same dimensions as U.
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PDE
D u(z,t) = D gy (u(z,t)) + D* ga(u(z, t)) + -+ D gs(u(z, 1)), x€Q, te(0,T). (3.2.1)

The problem we aim to solve is the identification of functions (gs)s¢[s) and corresponding differ-
ential operators (D) sels) that govern the evolution? of u according to D’y given the dataset
U and computational grid (X,t). Here and throughout we use the multi-index notation a® =
(af,...,ap,aph ) € NP+1 to denote partial differentiation® with respect to = (x1,...,2p) and

t, so that
. gt taptap,,
DY u(z,t) = < 5 u(z,t).
ot D g
Ox*...0x "0t p+1

We emphasize that a wide variety of PDEs can be written in the form (3.2.1). In particular, in
this chapter we demonstrate our method of system identification on inviscid Burgers, Korteweg-
de Vries, Kuramoto-Sivashinsky, nonlinear Schrodinger’s, Sine-Gordon, a reaction-diffusion system
and Navier-Stokes. The list of admissable PDEs that can be transformed into a weak form without
any derivatives on the state variables includes many other well-known PDEs (Allen-Cahn, Cahn-

Hilliard, Boussinesq,. .. ).

3.3 Weak Formulation

To arrive at a computatonally tractable model recovery problem, we assume that the set of
multi-indices (a°)s¢[s) together with a enumerates the set of possible true differential operators
that govern the evolution of u and that (gs)sejs) C span(f;);jes; Where the family of functions
(fi)jern (veferred to as the trial functions) is known beforehand. This enables us to rewrite (3.2.1)

as
S

J
v % o
D u=2 Y Wi, 1)y D% fi(u), (3.3.1)

s=1j=1
so that discovery of the correct PDE is reduced to a finite-dimensional problem of recovering the
true vector of coefficients w* € R/, which is assumed to be sparse.
To convert the PDE into its weak form, we multiply equation (3.3.1) by a smooth test function

¥ (x,t), compactly-supported in 2 x (0,7, and integrate over the spacetime domain,

(v, Da°u>=§j§]jw b (85 DY fi(w)

s=1 j=1

where the L?-inner product is defined (1, f fo fQ f(x,t) dedt and 1* denotes the com-

2Commonly D" is a time derivative O or O, although this is not required.
3We will avoid using subscript notation such as u, to denote partial derivatives, instead using D*u or 8yu. For
functions f(z) of one variable, ™ (z) denotes the nth derivative of f.
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plex conjugate of 1, although in what follows we integrate against only real-valued test functions
and will omit the complex conjugation. Using the compact support of ¥ and Fubini’s theorem,

we then integrate by parts as many times as necessary to arrive at the following weak form of the

dynamics:
a®| nal * a®| o’
(=010, ) =SS Wiy (CDDY 0, f(w)), (3.3.2)
s=1 j=1
where |a®| = dD:Jrll o is the order of the multi-index!. Using an ensemble of test functions

(Yr)re[K), We then discretize the integrals in (3.3.2) with f;(u) replaced by f;(U) (i.e. evaluated

at the observed data U) to arrive at the linear system
b =Gw*
defined by
by, = <(—1)‘ao‘Da0¢k7 U> ;
G (s—1)J4j = <(*1)la3|Das¢k, fj(U)>,

where b € RX| G € RE*5/ and w* € RS/ are referred to throughout as the left-hand side, Gram

matriz and model coefficients, respectively. In a mild abuse of notation, we use the inner product

(3.3.3)

both in the sense of a continuous and exact integral in (3.3.2) and a numerical approximation in
(3.3.3) which depends on a chosen quadrature rule. Building off of its success in the ODE setting,
we use the trapezoidal rule throughout, as it has been shown to yield nearly negligible quadrature
error with the test functions employed below (see Section 3.4.1 and [100]). In this way, solving
b = Gw* for the model coefficients w* allows for recovery of the PDE (3.3.1) without pointwise
derivative approximations. The Gram matrix G € R¥*57 and left-hand side b € R¥ defined in
(3.3.3) conveniently take the same form regardless of the spatial dimension D, as their dimensions
only depend on the number of test functions K and the size SJ of the model library, composed of
J trial functions (f;);e[s and S candidate differential operators enumerated by the multi-index set

Q= (O[S)lgsgs.

3.3.1 Convolutional Weak Form and Discretization

We now restrict to the case of each test function ) being a translation of a reference test
function v, i.e. Yy(x,t) = Y(xx — 2,1, —t) for some collection of points {(x,tx)}rex] C (X, t)

(referred to as the query points). The weak form of the dynamics (3.3.2) over the test function

i s 241, . . . .
4For example, with D* = aaTa7 integration by parts occurs twice with respect to the x-coordinate and once
228y

with respect to y, so that |o®| = 3 and (—1)1*"l = —1.
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basis ({r)re(x) then takes the form of a convolution:

s g
(Da0¢) fuxe, ) = )Y Wiy (DV0) % () (xe, 1), (3.3.4)

s=1 j5=1

The sign factor (—1)1*°l appearing in (3.3.2) after integrating by parts is eliminated in (3.3.4) due

to the sign convention in the integrand of the space-time convolution, which is defined by

T
b u(z, ) = /0 /Q Bz —y,t — syu(y, s) dyds = (@ — £ — ), ul-,).

Construction of the linear system b = Gw”* as a discretization of the convolutional weak form
(3.3.4) over the query points {(xx,?k)}re[x] can then be carried out efficiently using the FFT as
we describe below.

To relate the continuous and discrete convolutions, we assume that the support of 1) is contained

within some rectangular domain
Qp = [~b1,bi] x -+ x [~bp,bp] X [~bps1,bp11] € RP x R

where by = mgAz for d € [D] and bp1 = mp41At. We then define a reference computational grid
(Y,t) C RP x R for 1 centered at the origin and having the same sampling rates (Az, At) as the
data U, where Y = Y1 ® ---® Yp for Yq = (nAz) my<n<m, and t = (RAL) iy, <n<mp,, - In
this way Y contains 2mg4 + 1 points along each dimension d € [D], with equal spacing Az, and t
contains 2mp41 + 1 points with equal spacing At. As with (X, t), points in (yg, tx) € (Y,t) take

the form

(Vi ti) = (Yey,ookps tepy)

where each index kg for d € [D + 1] takes values in the range {—mg,...,0,...,mq}, and for valid
indices k — j, the two grids (X, t) and (Y, t) are related by

(XK — x5, tk — tj) = (Ya—j» th—yj)- (3.3.5)

We stress that (Y, t) is completely defined by the integers m = (mq)4e[p41), specified by the user,
and that the values of m have a significant impact on the algorithm. For this reason we develop an
automatic selection algorithm for m using spectral properties of the data U (see Appendix 3.A).

The linear system (3.3.3) can now be rewritten

bk = \IJO * U(Xk,tk),

(3.3.6)
Gk,(s—l)]—i—j = U’ x f](U)(ka tk)a

where ¥° := D* (Y, t)AzP At and the factor Az” At characterizes the trapezoidal rule. We
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define the discrete (D + 1)-dimensional convolution between ¥* and f;(U) at a point (xg,t;) =
(Xk17~-~7kD7tkD+1) € (th) by

N1 Npi1

W £ (U) (ki t) = ) > Wikt i (Uttns)

61:1 €D+1:1
which, substituting the definition of W*,
Npi1
= Z Z DY (Yiy—tr, kp—tns epoa—tnir) i (Uty,ine,) AzP At (3.3.7)

(=1 fpii=1

truncating indices appropriately and using (3.3.5),

ki+my kp+1+mpi1
= Z te Z D* (0 (Yk1—f1,---7kD—fD’ tkD+1—1D+1) fj (Uzlv---7éD+1) A$DA7§
li=k1—my lpt1=kpt1—mpi1
(3.3.8)
ki+m1 kpyi+mpi1
= >, > DY (xx, = X, tk = t0) f; (Uny, i y,) AxP AL (3.3.9)
li=k1—my {pi1=kpi1—mpi1
T S
~ / / D (s — @ty — £)f; (ule, 1)) da dt. (3.3.10)
0 Q

3.3.2 FFT-based Implementation and Computational Complexity for Separable
(G

Convolutions in the linear system (3.3.6) may be computed rapidly if the reference test function

1) is separable over the given coordinates, i.e.
P(a,t) = d1(21) -~ da(2p)Pp 1 (1)
for univariate functions (¢4)4e(p+1)- In this case,
DY, 0 = V(Y1) @ @ 6P (Y) @ 6 2 (1),
so that only the vectors

o0 (Y,) € RZML de[D] and ot () € RAmontL,
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need to be computed for each 0 < s < S and the multi-dimensional arrays (¥®)s—, . s are never
directly constructed. Convolutions can be carried out sequentially in each coordinate®, so that the

overall cost of computing each column ¥* x f; (U) of G is

D+1
Tr(N,n, D) := CNlog(N) > NPH=4(N —n+1)%", (3.3.11)
d=1

if the computational grid (X, t) and reference grid (Y,t) have N and n < N points along each of
the D + 1 dimensions, respectively. Here C'N log(N) is the cost of computing the 1D convolution

between vectors vectors x = (x1,...,7,) € R" and y = (y1,...,yn) € RY using the FFT,
x*+y=PF ' (Fx% o F(y)), (3.3.12)
where x° = (0,...,0,21,...,2,) € RY, ® denotes element-wise multiplication and P projects onto

the first N —n + 1 components. The discrete Fourier transform F is defined

N
y) = Zyje—Qm'(j—l)(k—l)

with inverse

1
A 2mi(i—1)(k—1)
NZ v

The projection P ensures that the convolution only includes points that correspond to integrating
over test functions 1 that are compactly supported in (X, t), which is necessary for integration by
parts to hold in the weak form. The spectra of the test functions gb d (Yd) can be precomputed
and in principle each convolution ¥*x f;(U) can be carried out in parallel®, making the total cost of
the WSINDy Algorithm (3.4.2) in the PDE setting equal to (3.3.11) (ignoring the cost of the least-
squares solves which are negligible in comparison to computing (G, b)). In addition, subsampling
reduces the term (N —n+1) in (3.3.11) to (N —n+1)/s where s > 1 is the subsampling rate such
that (N —n + 1)/s points are kept along each dimension.

For most practical combinations of n and N, (say n > N/10 and N > 150) using the FFT
and separability provides a considerable reduction in computational cost. See Figure 3.3.1 for a

comparison between 77 and the naive cost T7; of an (N + 1)-dimensional convolution:

Ti1(N,n,D) := (2nP*t — 1)(N — n 4 1)P*L, (3.3.13)
®The technique of exploiting separability in high-dimensional integration is not new (see [111] for an early intro-
duction) and is frequently utilized in scientific computing (see [9, 58] for examples in computational chemistry).

5For the examples in Section 3.5 the walltimes are reported for serial computation of (G, b).
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Figure 3.3.1: Reduction in computational cost of multi-dimensional convolution ¥* * f; (U) when
U? and f;(U) have n and N points in each of D + 1 dimensions, respectively. Each plot shows the
ratio Tyr /T (equations (3.3.13) and (3.3.11)), i.e. the factor by which the separable FFT-based
convolution reduces the cost of the naive convolution, for D +1 = 2 and D + 1 = 3 space-time
dimensions and n € [N]. The right-most plot shows that when N = 512 and D + 1 = 3, the
separable FFT-based convolution is 10? times faster for 100 < n < 450.

For example, with n = N/4 (a typical value) we have T7; = O(N?P+2) and T; = O(NP+log(N)),
hence exploiting separability reduces the computational complexity by a factor of NP1 /log(N).

3.4 WSINDy Algorithm for PDEs and Hyperparameter Selection

WSINDy for PDE discovery is given in Algorithm 3.4.2, where the user must specify each
of the hyperparameters in Table 3.4.1. The key pieces of the algorithm are (i) the choice of
reference test function v, (ii) the method of a sparsification, (iii) the method of regularization,
(iv) selection of convolution query points {(x, tx)}kek, and (v) the model library. At first glance,
the number of hyperparameters is quite large. We now discuss several simplifications that either
reduce the number of hyperparameters or provide methods of choosing them automatically. In
Section 3.4.1 we discuss connections between the convolutional weak form and spectral properties
of 1 that determine the scheme’s robustness to noise and inform the selection of test function
hyperparameters. In Section 3.4.2 we introduce a modified sequential-thresholding least-squares
algorithm (MSTLS) which includes automatic selection of the threshold A and allows for PDE
discovery from large libraries. In Section 3.4.3 we describe how scale invariance of the PDE is used
to rescale the data and coordinates in order to regularize the model recovery problem in the case
of poorly-scaled data. In Sections 3.4.4 and 3.4.5 we briefly discuss selection of query points and
an appropriate model library, however these components of the algorithm will be investigated more

thoroughly in future research.
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3.4.1 Selecting a Reference Test Function 1
Convolutional Weak Form and Fourier Analysis

Computation of G and b in (3.3.6) with 1) separable requires the selection of appropriate 1D
coordinate test functions (¢d)de[D +1]- Computing convolutions using the FFT (3.3.12) suggests a
mechanism for choosing appropriate test functions. Define the Fourier coefficients of a function

u € L*([0,T]) by
k) = — /T u(t)e T tdt, ke
VT Jo ’
Consider data U = u(t) + € € RY for a T-periodic function u, t = k% = kAt, and i.i.d. noise
€ ~ N(0,0%T). The discrete Fourier transform of the noise F(€) := eg + ie; is then distributed
eryer ~ N(0,(No?/2)I). In addition, there exist constants C > 0 and ¢ > 1/2 such that || <
C|k|~* for each k € Z. There then exists a noise-dominated region of the spectrum F(U) determined

by the noise-to-signal ratio

Ato?k?,

2 2 2
NSRy ::E[ | Fr(e)] } No To 1

Fw®)P] ~ F@®)P = Namp - ¢

where ‘x’ corresponds to omitting the aliasing error. For NSR; > 1 the kth Fourier mode is by

definition noise-dominated, which corresponds to wavenumbers

1/¢
k| >k ~ <C> . (3.4.1)
oV At

If the critical wavenumber k* between the noise dominated (NSR; > 1) and signal-dominated
(NSRj, < 1) modes can be estimated from the dataset U, then it is possible to design test functions
1 such that the noise-dominated region of F(U) lies in the tail of 12 The convolutional weak form
(3.3.6) can then be interpreted as an approximate low-pass filter on the noisy dataset, offering
robustness to noise without altering the frequency content of the data’.

In summary, spectral decay properties of the reference test function v serve to damp high-
frequency noise in the convolutional weak form, which acts together with the natural variance-
reducing effect of integration, as described in [57], to allow for quantification and control of the
scheme’s robustness to noise. Specifically, coordinate test functions ¢4 with wide support in real
space (larger my) will reduce more variance, but will have a faster-decaying spectrum &ﬁ\d, so that
signal-dominated modes may not be resolved, leading to model misidentification. On the other
hand, if ¢4 decays too swiftly in real space (smaller mg), then the spectrum <$d will decay more
slowly and may put too much weight on noise-dominated frequencies. In addition, smaller my

may not sufficiently reduce variance. A balance must be struck between (a) effectively reducing

"This is in contrast to explicit data-denoising, where a filter is applied to the dataset prior to system identification
and may fundamentally alter the underlying clean data. The implicit filtering of the convolutional weak form is made
explicit by the FFT-based implementation (3.3.12).
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variance, which is ultimately determined by the decay of ¢ in physical space, and (b) resolving the

underlying dynamics, determined by the decay of z/p\ in Fourier space.

Piecewise-Polynomial Test Functions

Many test functions achieve the necessary balance between decay in real space and decay in
Fourier space in order to offer both variance reduction and resolution of signal-dominated modes
(defined by (3.4.1)). For simplicity, in this chapter we use the same test function space used in
the ODE setting [100] and leave an investigation of the performance of different test functions to

future work. Define § to be the space of functions

o(v) = Clv—a)P(b—v)? a<wv<b, (34.2)

0 otherwise,

where p,q > 1 and v is a variable in time or space. The normalization

oo 1 p+q p+q
PPl \b—a

ensures that ||¢||, = 1. Functions ¢ € S are non-negative, unimodal, compactly-supported in [a, ],

and have |min{p, q}| weak derivatives®. Larger p and ¢ imply faster decay towards the endpoints
(a,b) and for p = g we refer to p as the degree of ¢. See Figure 3.4.1 for a visualization of ¥
and partial derivatives D® ¢ constructed from tensor products of functions from S. In addition
to having nice integration properties combined with the trapezoidal rule (see Lemma 1 of [100]),
(a,b,p,q) can be chosen to localize (/5 around signal-dominated frequencies in F(U) using the fact

that for any reference domain length L > |b — af,

~ h— —|min{p,q}]-1/2
wwnzo(<‘L“m) ).

To assemble the reference test function 1 from one-dimensional test functions (¢a)4e[p+1] C S

along each coordinate, we must determine the parameters (aq, by, pd, ¢q) in the formula (3.4.2) for
each ¢4. For convenience we center (Y,t) at the origin so that each ¢, is supported on a centered
interval [ag,bgq] = [—bg, bg], where by = mgAx for d € [D] and bpy1 = mp41At, and set pg = qq
so that 1 is symmetric®. In this way only m := (ma)ae(p+1) and degrees p := (pa)qe[p+1) need to

be specified, hence the vectors (¢£la§)(Yd))OSS§S can be computed from an analogous function ¢,

88 can also be seen as a scaled subset of the Bernstein polynomials, which, among other considerations, are used
in the construction of B-Splines [11].

9Test function asymmetry may provide an advantage in some cases, for instance along the time axis, however we
do not investigate this here.
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Figure 3.4.1: Plots of reference test function 1 and partial derivatives D 1) used for identification
of the Kuramoto-Sivashinsky equation. The upper left plot shows 01, the bottom right shows
951). See Tables 3.5.1-3.5.3 for more details.

with support [—1, 1],

_ (1—vHPe, —1<wv<l1
bp,(v) =

0, otherwise,

using

af 1 —(as Y 1 (b
¢((1 d)(Yd) = (o2) (—d) = (—s¢( ¥ (na) ,

bgz Pd bd mdA)O‘d Pd

where ng := {—1+ L : n € {0,...,2mq}} is an associated scaled grid and A € {Az, At}.
The discrete support lengths m and degrees p determine the smoothness of ¢, as well as its
decay in real and in Fourier space, hence are critical to the method’s performance. The degrees p

can be chosen from m to ensure necessary smoothness and decay in real space using

pd:min{pzad+1 L b, (l_mi) gr}, (3.4.3)
where @y := maxo<s<g(a3) is the maximum derivative along the dth coordinate and 7 is a chosen
(real-space) decay tolerance. By enforcing that ¢4 decays to 7 at the first interior gridpoint of
its support, (3.4.3) controls the integration error (specifically, 7 < (Qmm—d?i_ly ensures O(Axdt!)
integration error for noise-free data), while p > @+ 1 ensures that ¢4 € C“4(R), which is necessary

to integrate by parts as many times as required by the multi-index set a. The steps for arriving at
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the test function values on the reference grid (¢ dai)<Yd))0§ s<s are contained in Algorithm 3.4.1.
In the examples below, we set 7 = 10719 throughout'® and we use the method introduced
in Appendix 3.A to choose m, which involves estimating the critical wavenumber k* (defined in
(3.4.1)) between noise-dominated and signal-dominated modes of F(U). We also simplify things
by choosing a single test function for all spatial coordinates, ¢, = ¢1 = ¢ = -+ = ¢p where ¢,
has degree p, and support m,, and a (possibly different) test function ¢, = ¢p41 for the time axis
with degree p; and support m; (recall that subscripts z and ¢ are indices, not partial derivatives).

This convention is used in the following sections.

Algorithm 3.4.1 WSINDy Test Function Creation
(¢£lad)(Yd))0§5§g = get_test_fcns (mg, 7; Xy, @)

: Ng = length(Xd)

Az = gridwidth(Xy)

if myg > NdQ_l or mg <1 then
return (“ERROR: invalid support size mg”)
BREAK

end if

Set ay = maxogsgg(aj)

Solvepd:min{pzad—i—l : $p <1 — mid) < T}

Initialize A = 0 € R(ST1)x(2ma+1)

Set ng := {-1+ - : n€{0,...,2mq}}

: for s=0:5do .
Compute analytical order-(a) derivatives A, = (x3) (ng)

s Pd
Set ¢y (Ya) = — L~ A,

- (mdAx)agl

[

— =
[ vl

—
w

: end for

—
S~

3.4.2 Sparsification

To enforce a sparse solution we present a modified sequential-thresholding least-squares algorithm
MSTLS(G, b; \), defined in (3.4.6), which accounts for terms that are outside of the dominant
balance physics of the data, as determined by the left-hand side b, as well as terms with small

coefficients. We then utilize the loss function

et W), | ()
B ”GWLSHQ SJ

L(N) (3.4.4)
to select an optimal threshold 3\\, where w? is the output of MSTLS(G,b; )\) defined in equation
(3.4.6), #{-} denotes cardinality, Z* := {1 < i < SJ : w} # 0} is the index set of non-zero
coefficients of w*, w := (GTG)f1 GTb is the least squares solution, and S.J is the total number

of terms in the library (S differential operators and J functions of the data). The first term in

10WSINDy appears not to be particularly sensitive to 7, similar results were obtained for 7 = 1075,1071°,10716.
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L penalize the distance between Gw’® (the projection of b onto the range of G) and Gw” (the
projection of b onto the columns of G restricted to I)‘), while the second term penalizes the number
of nonzero terms in the resulting model. The normalization simply enforces £(0) = L(c0) = 1.

The MSTLS(G, b; ) iteration is as follows. For a given A\ > 0, define the set of lower bounds
L* and upper bound U* by

b
Lf\:)\max{l, H }
1G4l

L bl } ’
UZ»A = —min {1,
A 1G]

1<i<SJ. (3.4.5)

Then with w® = wl define the iterates

TP={1<i<SJ : L)< |wi| <U}

MSTLS(G, b; \) 1 (3.4.6)

witl = argmin ||Gw — b|j3.
supp(w)CT*

The constraint L;\ < \Wf | < UZ-’\ is clearly more restrictive than standard sequential thresholding,
but it enforces two desired qualities of the model: (i) that the coefficients w* do not differ too
much from 1, since 1 is the coefficient of the “evolution” term D u (assumed known), and (ii)
that the ratio |[w;G;|, /||b|l, lies in [X\, A7!], enforcing an empirical dominant balance rule (e.g.
A = 0.01 allows terms in the model to be at most two orders of magnitude from Daou). Using
previous results on the convergence of STLS [158], for MSTLS(G, b; A\) we employ the stopping
criteria Z¢ \ 7! = (), which must occur for some £ < S.J. The overall sparsification algorithm
MSTLS(G, b; £,A) is

A = min {)\ eEX: L)) = min[,()\)}

MSTLS(G, b; £, ) AEX (3.4.7)

W = MSTLS(G, b; A),

where A is a finite set of candidate thresholds!''. The learned threshold ) is the smallest minimizer
of £ over the range A and hence marks the boundary between identification and misidentification
of the minimum-cost model, such that {A € A : A < /):} results in overfitting. A similar learning
method for A combining STLS and Tikhonov regularization (or ridge regression) was developed
in [117]. We have found that our approach of combining MSTLS(G,b; £,A) with rescaling, as
introduced in the next section, regularizes the sparse regression problem in the case of large model

libraries without adding hyperparameters'? and definitely deserves further study.

1 Other methods of minimizing £ can be used, however minimizers are not unique (there exists a set of minimizers
- see Figure 3.5.3). Our approach is efficient and returns the minimizer X which has the useful characterization of
defining the thresholds A that result in overfitting.

12Tikhonov regularization involves solving W = arg min

IGw = b5 +77 ||

w |
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3.4.3 Regularization through Rescaling

Construction of the linear system b = Gw involves taking nonlinear transformations of the data
fj(U) and then integrating against D4y, which oscillates for large |a®|. This can lead to a large
condition number £(G) and prevent accurate inference of the true model coefficients w*, especially
when the underlying data is poorly scaled®. In particular, identification of polynomial terms such
as 0;(u?) from a large library of polynomial terms is ill-conditioned for large (or small) amplitude
data. Naively rescaling the data can easily lead to unreliable inference of model coefficients, since
characteristic scales often effect the dynamics in nontrivial ways. For example, solution amplitude
determines the wavespeed in the inviscid Burgers and Korteweg-de Vries equations, hence the
solution and space-time coordinates must be rescaled in a principled manner in order to preserve
the dynamics. To overcome this problem we propose to rescale the data using scale invariance
of the PDE and choose scales that achieve a lower condition number, as described below. This
approach allows for reliable identification of the Burgers and KdV equations from highly-corrupted
large-amplitude data (U ~ O(103), see Section 3.5.4).

First, we note that the true model is scale invariant in the following way. If u solves (3.3.1),

then for any scales v, V¢,V > 0, the rescaled function

solves

S J
nal~ ~ oS 7o~
D=3 % W1+ D (@)
s=1 j=1

where D" denotes differentiation with respect to (f,N) = (v2,vt). For homogeneous functions f;

with power f3;, we have f](ﬂ) = fi(u) = 753' fj(u), otherwise f;(ﬁ) = f; (%) = f;j(u) (in which case

we set 3; = 0). The linear system in the rescaled coordinates b = Gw is constructed by discretizing

the convolutional weak form as before but with a reference test function J on the rescaled grid O R

We recover the coefficients' W at the original scales by setting w = Mw, where M = diag (u) is
the diagonal matrix with entries

—(B8;—1 D: ( s_ 0) (as —a0 )
Hsmygag = ya T qamleiad) obnTeDw), (3.4.8)
There is flexibility in choosing the scales vy, 72, V, and a natural choice is to enforce that the

columns of G are similar in norm. Motivated by this, we find that for polynomial and trigonometric

13A common remedy for this is to scale G to have columns of unit 2-norm, however this has no connection with
the underlying physics.

Note that thresholding in equation (3.4.6) occurs on W and the terms % in the bounds (3.4.5) become H|||‘2| T
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libraries, the scales'®

1/8 _ _
U] L () ) L)\
u: ) ,1‘27 rens xT- P} - = . .4.
2/

are sufficient to regularize ill-conditioning due to poor scaling. Here @, and @; are the maximum

spatial and temporal derivatives appearing in the library and § = max; 3; is the highest monomial

power of the functions (f;);e(s. From (3.4.9) we get that

max ||, < max HDQSJ
S S

, =0l

and

(%] < 182al,

hence, using Young’s inequality for convolutions,

v U8 < w0, ||U°
2/ 1

L < |9/ 101l

This shows that with scales 7y, vz, 7+ set according to (3.4.9), the columns of G are close in norm
to the original dataset U. Similar scales 7., Vt, v, can be chosen for different model libraries and
reference test functions, and a more refined analysis will lead to scales that achieve closer agreement
in norm. In the examples below we rescale the data and coordinates according to (3.4.9), which
results in a low condition number #(G) (see Table 3.5.3). Throughout what follows, quantities

defined over scaled coordinates will be denoted by tildes.

3.4.4 Query Points and Subsampling

Placement of {(x,t)}re[x] determines which regions of the observed data will most influence
the recovered model’®. In WSINDy for ODEs ([100]), an adaptive algorithm was designed for
placement of test functions near steep gradients along the trajectory. Improvements in this direction
in the PDE setting are a topic of active research, however, for simplicity in this chapter we uniformly

subsample {(X, tk) }re[x] from (X, t) using subsampling frequencies s = (s1,...,spy1) along each

coordinate, specified by the user. That is, along each one-dimensional grid Xy, LNd;idedj points

are selected with uniform spacing sqAz for d € [D] and spy1At for d = D + 1. This results in a

_ N —2
LNl SlleJ X I_ D41—2Mp41

(D +1)-dimensional coarse grid with dimensions Do

|, which determines

the number of query points
D+1 _om
K= H L : dJ . (3.4.10)

"“Here ||U]|,, is the 2-norm of U stretched into a column vector (and similarly for ||-||,/)-
16Note that the projection operation in (3.3.12) restricts the admissable set of query points to those for which
Y(xk — x, tk — t) is compactly supported within € x [0, 7], which is necessary for integration by parts to be valid.
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Hyperparameter Domain Description
(fi)jeln C(R) trial function library
a = (0)s=0,..8 N(S+1)x(D+1) partial derivative multi-indices
m = (Mq)de[D+1] NP+ discrete support lengths of 1D test functions (¢a)4e[p+1]
s = (8d)de[D+1] NP+ subsampling frequencies for query points {(x, k) }re[x]
A [0, 00) search space for sparsity threshold A
T (0,1] 1) real-space decay tolerance

Table 3.4.1: Hyperparameters for the WSINDy Algorithm 3.4.2. Note that f; piecewise continuous
is sufficient (we just need convergence of the trapezoidal rule), m may be replaced by a spectral-
decay tolerance 7 > 0 if test functions are automatically selected from the data using the method
in Appendix 3.A, and K is determined from m and s using (3.4.10).

3.4.5 Model Library

The model library is determined by the nonlinear functions (f;) jels) and the partial derivative
indices @ and is crucial to the well-posedness of the recovery problem. In the examples below we
choose (fj);e[s to be polynomials and trigonometric functions as these sets are dense in many
relevant function spaces. When the true PDE does not contain cross derivatives (e.g. ﬁng)’ we
remove them from the derivative library @ and note that including these terms does not have a

significant impact on the results.

Algqrithm 3.4.2 WSINDy for PDEs
(V?’, )\) = WSINDy((f])]E[J]7 &, 1m, s, AaT; U, (Xat))

ford=1:D+1do
Compute (gb((jad)(Yd))ogsgg = get_test_fcns (mg, 7; Xy, ) using Algorithm 3.4.1
end for
Compute scales {7y, (74)2'} and scale matrix M = diag(u) using (3.4.9)
Subsample query points {(xk,tk)}re(x) C (X,t) using subsampling frequencies s =

(81,82,...,8D+1); _ » »
Compute left-hand side b = U9 + U over {(xg, tx)} ke[ using FFT and separability of ;
for j=1:J do
Compute f;(U);
for s=1:5do N o
10: Compute column (s —1)J +j of Gram matrix G. (s_1)j4; = Us * f1(U) over {(Xk, tk) }re[k]
using FFT and separability of ¥
11:  end for
12: end for o
13: (W, \) = MSTLS(G, b; £,\)
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3.5 Examples

Inviscid Burgers (IB) du = —30,(u?)
Korteweg-de Vries (KdV) Opu = —%Gx(UQ) — Opzatl
Kuramoto-Sivashinsky (KS) Ohu = —%am(uQ) — Opatt — Oggaztl
o =10 2 3
Nonlinear Schréodinger (NLS) =2 1mv v —2’_ !
O = — 5020 — uv® — ud
Anisotropic Porous Medium (PM) | dyu = (0.3)0y4 (u?) — (0.8)0zy (u?) + 9y (u?)
Sine-Gordon (SG) Opu = Opptt + Oyyu — sin(u)
O = La ia _ 2 .3 3 2
Reaction-Diffusion (RD) U= A Cantt g Gyt T W VR e
O = 150220 + 1500 + v — uv” —u® —v° — uv
2D Navier-Stokes (NS) w = — 9 (wu) — 9y (wv) + 1550z2w + 155 Oyyw

Table 3.5.1: PDEs used in numerical experiments, written in the form identified by WSINDy.
Domain specification and boundary conditions are given in Appendix 3.B.

We now demonstrate the effectiveness of WSINDy by recovering the PDEs listed in Table 3.5.1
over a range of noise levels. These examples show that WSINDy provides orders of magnitude
improvements over derivative-based methods [117], with reliable and accurate recovery of four out
of the eight PDEs under noise levels as high as 100% (defined in (3.5.1) and (3.5.2)) and for
all examples under 20% noise. In contrast to the weak recovery methods in [114, 57], WSINDy
uses (i) the convolutional weak form (3.3.6) and FFT-based implementation (3.3.12), (ii) improved
thresholding and automatic selection of the sparsity threshold A via (3.4.6) and (3.4.7), and (iii)
rescaling using (3.4.9). The effects of these improvements are discussed in Sections 3.5.4 and 3.5.5.

To test robustness to noise, a noise ratio oyg is specified and a synthetic “observed” dataset
U=U"+¢

is obtained from a simulation U* of the true PDE!7 by adding i.i.d. Gaussian noise with variance

o? to each data point, where

1/2
Np41 /

Ny
1 2
— * — *
7= onr[Ullns = ovn | (NN kzl...k 3 1 (Ukwkw) . (35.0)
1= D+1—=

We examine noise ratios oypg in the range [0,1] and often refer to the noise level as oyp or

equivalently that the data contains 1000 g% noise. We note that the resulting true noise ratio

||€||RMS

*

ohp = o BMS (3.5.2)
U rasrs

1"Details on the numerical methods and boundary conditions used to simulate each PDE can be found in Appendix
3.B.
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matches the specified onyp to at least four significant digits in all cases and so we only list onRg.
When the state variable is vector-valued, as with the nonlinear Schrédinger, reaction-diffusion, and

2

Navier-Stokes equations (see Table 3.5.1), a separate noise variance o is computed for each vector

component so that the noise ratio oy of each component satisfies (3.5.2).

3.5.1 Performance Measures

To measure the ability of the algorithm to correctly identify the terms having nonzero coeffi-

cients, we use the true positivity ratio (introduced in [30]) defined by

B TP
~ TP +FN + FP

TPR(w) (3.5.3)
where TP is the number of correctly identified nonzero coefficients, FN is the number of coefficients
falsely identified as zero, and FP is the number of coefficients falsely identified as nonzero. Identi-
fication of the true model results in a TPR of 1, while identification of half of the correct nonzero
terms and no falsely identified nonzero terms results in TPR of 0.5 (e.g. the 2D Euler equations
Oyw = —0z(wu) — 0y (wv) result in a TPR of 0.5 if the underlying true model is the 2D Navier-Stokes
vorticity equation). We will see that in several cases that the average TPR remains above 0.95
even as the noise level approaches 1. The loss function £(\) (defined in (3.4.4)) and the resulting
learned sparsity threshold hy (defined in (3.4.7)) provide additional information on the algorithm’s
ability to identify the correct model terms with respect to the noise level. In particular, sensitivity
to the sparsity threshold suggests that automatic selection of \ is essential to successful recovery
in the relatively large noise regime.

To assess the accuracy of the recovered coefficients we use two metrics. We measure the maxi-

mum error in the true non-zero coefficients using

Foo(W v — | 3.5.4
W):= max —————, 5.
(W)= T (354
where | - | denotes absolute value, and the 2 distance in parameter space using

oy W =W llpys
RMS

FE determines the number of significant digits in the recovered true coefficients while Fy provides
information about the magnitudes of coefficients that are falsely identified as nonzero. Often when
a term is falsely identified and the resulting nonzero coefficient is small, a larger sparsity factor will
result in idenfitication of the true model.

Finally, when TPR(w) = 1, we report the prediction accuracy between the true data U* and a

numerical solution U% to the data-driven PDE using the same initial conditions. We compute the
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relative Ly error P;(w) at time ¢t = 0.5 (i.e. at the half-way point in time) defined by

_ HU?d B U:HRMS

Pt(\/?\\/') .
U rars

(3.5.6)
where U4, UF denote the numerical solutions over the spatial domain at time ¢. Since solutions

to the data-driven dynamics and the true dynamics will eventually drift apart, we also measure
~ 1. ~
Tiol(W) := flnf{t €1[0,7] : Po(w) > tol}, (3.5.7)

or, the first time ¢ (relative to the final time 7T') that the numerical solution U$¢ reaches a relative
Lo distance of tol from the truth. The minimum in (3.5.7) is computed over ¢ € t and we set
tol = 0.1. We provide results for Pysr(w) and Tp1(w) averaged over the weights w satisfying
TPR(W) = 1.

For each system in Table 3.5.1 and each noise level oyg € {0.025¢ : ¢ € {0,...,40}} we run
WSINDy on 200 instantiations of noise!® and average the results of error statistics (3.5.3)-(3.5.7).

Computations were carried out on a University of Colorado Boulder Blanca Condo cluster!®.

3.5.2 Implementation Details

The hyperparameters used in WSINDy applied to each of the PDEs in Table 3.5.1 are given
in Table 3.5.2. To select test function discrete support lengths we used a combination of the
changepoint method?® described in Appendix 3.A and manual tuning. Across all examples the
real-space decay tolerance for test functions is fixed at 7 = 10710,

In computing a sparse solution w = MSTLS(G, b; £, \) (see equation (3.4.7)), the search space
X for the learned threshold X is fixed for all examples at:

A= {10—4+J% e {0,...,49}},

in other words A contains 50 points with log;q(A) equally spaced from —4 to 0. This implies a
stopping criteria of 50S.J thresholding iterations?'.
We fix the subsampling frequencies (s,,s;) to (&%, &2

50 50
to (g—g, ]2\[—5"’) for two spatial dimensions, where the dimensions (N1, N2, N3) depend on the dataset.

) for PDEs in one spatial dimension and

Additional information about the convolutional weak discretization is included in Table 3.5.3, such

as the dimensions and condition number of the rescaled Gram matrix G (computed from a typical

18We find that 200 runs sufficiently reduces variance in the results.

199X Intel Xeon 5218 at 2.3 GHz with 22 MB cache, 16 cores per cpu, and 384 GB ram.

20For Burgers, KAV, and KS we set 7 = 3 (defined in Appendix 3.A.2) while for NLS, PM, SG, RD, and NS we
used 7 = 1. For KS and NLS we chose (mz, m:) values nearby that had better performance.

2In the examples shown here we observed an average of 5 thresholding iterations and a maximum of 14 in any given
inner MSTLS(G, b; A) loop (i.e. for each A € A as in equation (3.4.6)), hence in practice the full MSTLS(G, b; £, )
algorithm requires far fewer iterations than the theoretical maximum of #{A}SJ.



l PDE “ U 1 [ a [ (ma, my) [ (S, St) ‘
IB 256 x 256 (W 1) e ((£,0))o<e<s (60, 60) (5,5)
Kdv 400 x 601 (W) e ((¢,0))0<r<6 (45,80) | (8,12)
KS 256 x 301 (W N jem ((£,0))o<e<s (23,22) (5,6)
NLS 2 x 256 x 251 (u [ )0<Z+]< ((f, 0))0§£§6 (19, 25) (5, 5)
PM 200 x 200 x 128 (W Dicrs) (€1, £2,0))0<e, e2<4 (37, 20) (8,5)
SG 129 x 403 x 205 (uzil)i€[5]7 (sin(ju),cos(ju))jzl,g ((f 0 0) (074 O))0S€S4 (40,25) (5,8)
RD 2 X 256 x 256 x 201 (ulv])0§i+j§4 ((f 0 0) (O,K 0))0§g§5 (13, 14) (13, 12)
7] k S|
NS || 3 x 324 x 149 x 201 {(wi“jyk)og'““@’ |as| =0 (00,00, (0,6,0))0ceca | (31,14) | (12,8)
(W' v")o<ivjtr<s,izo, [ >0

Table 3.5.2: WSINDy hyperparameters used to identify each example PDE.

’ PDE H G ‘ k(G) ‘ (P, pt) ‘ (Y, Yo Yt) ‘ Walltime (sec) ‘
1B 784 x 43 1.4x10° | (7,7) | (4.5 x 10%,0.0029,1.1) 0.12
KdV || 1443 x43 [ 32x10° [ (8,7) (5.7 x 10~%,8.3,1250) 0.39
KS 1806 x 43 | 3.7 x 10° | (10, 10) (0.26,0.74,0.091) 0.24
NLS || 1804 x 190 | 1.2 x 10° | (11, 10) (0.33,3.1,9.4) 2.5
PM 4608 x 65 | 2.4 x 107 | (8,10) (1.6,2.7,3.2) 16
SG 13000 x 73 | 1.3 x 107 | (8,10) (0.23,8.1,8.1) 29
RD || 11638 x 181 | 4.5 x 10% | (13,12) (0.86,6.5,1.4) 75
NS 3872 x 50 | 8.2 x 107 | (9,12) (0.53,0.72,2.4) 12

Table 3.5.3: Additional specifications resulting from the choices in Table 3.5.2. The last column
shows the start-to-finish walltime of Algorithm 3.4.2 with all computations in serial measured on a
laptop with an 8-core Intel i7-2670QM CPU with 2.2 GHz and 8 GB of RAM.

dataset with 20% noise), test function polynomial degrees (p,p:), scale factors (yu, vz, 7t), and
start-to-finish walltime of Algorithm 3.4.2 with all computations performed serially on a laptop
with an 8-core Intel i7-2670QM CPU with 2.2 GHz and 8 GB of RAM.

3.5.3 Comments on Chosen Examples

The primary reason for choosing the examples in Table 3.5.1 is to demonstrate that WSINDy
can successfully recover models over a wide range of physical phenomena such as spatiotemporal
chaos, nonlinear waves, nonlinear diffusion, shock-forming solutions, complex limit cycles, and
pattern formation in reaction diffusion equations.

Recovery of the inviscid Burgers and anisotropic porous medium equations demonstrates (i)
that WSINDy can discover PDEs from solutions that can only be understood in a weak sense and
(ii) that discovery in this case is just as accurate and robust to noise and scaling as with smooth
data (i.e. no special modifications of the algorithm are required to discover models from non-smooth
data, as conjectured in [57]). We use analytical weak solutions, with inviscid Burgers data forming
a shock which propagates at constant speed (see Figure 3.5.1 for plots of the characteristic curves)
and porous medium data having a jump in the gradient Vu. In addition, we discover the porous
medium equation using an anisotropic diffusivity tensor to demonstate that WSINDy can identify

the cross-diffusion term 9,y (u?) to high accuracy from a large candidate model library.
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Figure 3.5.1: Characteristics of the shock-forming solution (3.B.2) used to identify the inviscid
Burgers equation. A shock forms at time ¢ = 2 and travels along the line z = 500(¢ — 2).
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The inviscid Burgers and Korteweg-de Vries equations demonstrate that WSINDy successfully
recovers the correct models for nonlinear transport data with large amplitude. Both datasets
have mean amplitudes on the order of 10® (in addition KdV is given over a short time window of
t € [0,1073]), and hence are not identifiable from large polynomial libraries using naive approaches.
The sparsification and rescaling measures in Sections 3.4.2 and 3.4.3 are essential to removing this
barrier.

The Sine-Gordon equation®? is used to show both that trigonometric library terms can easily
be identified alongside polynomials and that hyperbolic problems do not seem to present further
challenges. Discovery of the Sine-Gordon equation also appears to be particularly robust to noise,
which suggests that the added complexity of having multiple spatial dimensions is not in general a
barrier to identification.

For the nonlinear Schrodinger and reaction-diffusion systems, we test the ability of WSINDy to
select the correct monomial nonlinearities from an excessively large model library. Using a library
of 190 terms for nonlinear Schrédinger’s and 181 terms for reaction-diffusion (see the dimensions of
G in Table 3.5.3), we demonstrate successful identification of the correct nonzero terms. Moreover,
for the reaction-diffusion system, misidentified terms directly reflect the existence of a limit cycle?3.
Finally, the vortex-shedding limit cycle for the 2D Navier-Stokes equations is used primarily to
compare to previous results in [117], and we find that at large-noise WSINDy conveniently selects

the Euler equations.

22We have not included experiments involving multiple-soliton solutions to Sine-Gordon, however the success of
WSINDy applied to KdV, nonlinear Schrédinger and Sine-Gordon suggests that the class of integrable systems could
be a fruitful avenue for future research.

23We note that discovery of the same reaction-diffusion system from a much smaller library of terms is shown in
[117, 114], but with different initial conditions that result in a spiral wave limit cycle. Our choice of initial conditions
is motivated below in Appendix 3.B.
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Figure 3.5.2: Left: average TPR (true positivity ratio, defined in (3.5.3)) for each of the PDEs
in Table 3.5.1 computed from 200 instantiations of noise for each noise level onp. Right: average
learned threshold A (defined in (3.4.7)). For the porous medium equation (PM), X increases to 0.2
as ong approaches 1 (we omit this from the plot in order to make visible the A trends for the other
systems).

3.5.4 Results: Model Identification

Performance regarding the identification of correct nonzero terms in each model is reported
in Figures 3.5.2 and 3.5.3, which include plots of the average TPR, the learned threshold X, and
the loss function £(A) (defined in (3.5.3), (3.4.7), and (3.4.4), respectively). As we will discuss,
significant decreases in average TPR are often accompanied by transitions in the identified .

Figure 3.5.2 (left) shows that for inviscid Burgers, Korteweg-de Vries, Kuramoto-Sivashinsky
and Sine-Gordon, the average TPR stays above 0.95 even for noise levels as high as 100% (i.e.
WSINDy reliably identifies these models in the presence of noise that has the same L2-norm as
the underlying clean data). The average TPR for the nonlinear Schréodinger and porous medium
equations stays above 0.95 until 50% noise, after which identification of the correct monomial
nonlinearity is not as reliable. For NLS, this is a drastic improvement over previous studies [117],
especially considering the large library of 190 terms used.

We observe in Figure 3.5.2 (right) that the learned threshold \ increases with ONR, suggesting
that automatic selection of A in the learning algorithm (3.4.7) is crucial to the algorithm’s robustness
to noise. For example, the Kuramoto-Sivashinsky equation has a minimum nonzero coefficient of
0.5 (multiplying 9, (u?)), and we find that h\ approaches 0.1 as onypg approaches 1, which implies
that at higher noise levels the range of X values that is necessary>* for correct model identification is

approximately (~ 0.1, ~ 0.5). Since it is highly unlikely that this range of admissible values would

2By definition (3.4.7), X is the minimum value in A that minimizes the loss £ (3.4.7), hence values in A below X
are precisely the thresholds that result in misidentification of the correct model by overfitting, while thresholds above
ming; . we 40} |w7| necessarily underfit the model.
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be known a priori, the chances of manually selecting a feasible \ for Kuramoto-Sivashinsky are
prohibitively low in the large noise regime (see Figure 3.5.3a for visualizations of the loss £ applied
to KS data). This effect is even greater for the porous medium equation. Automatic selection of h)
thus removes this sensitivity. In contrast, N s largely unaffected by increases in onyg for Burgers,
Korteweg-de Vries and Sine-Gordon. In particular, Figure 3.5.3b shows little qualitative changes
in the loss landscape for Sine-Gordon in the range 0.1 < oyp < 0.4.

Intriguingly, for reaction-diffusion, the average TPR falls below 0.95 at 22% noise, after which
WSINDYy falsely identifies linear terms in «w and v. If the true model is given by the compact form
ou = A(u) for u = (u,v)?, then the misidentified model in all trials for noise levels in the range
0.25 < onypr < 0.55 is given by

0 1
ou = fA(u) + « (_1 0) u (3.5.8)

for some a > 0 and 8 ~ 1 dependent on oyg. This is explainable by the fact that the underlying
solution settles into a limit cycle, which means that at every point in space the solution oscillates.
Indeed, the falsely identified nonzero terms in (3.5.8) exactly convey that at each point in space the
solution is oscillating at a uniform frequency (albeit with variable amplitude and phase determined
by the initial conditions?®). Hence, in the presence of certain lower-dimensional structures (in this
case a limit cycle), higher noise levels result in a mixture of the true model with a spatially-averaged
reduced model. This shift between detection of the correct model and the oscillatory version (3.5.8)
is also detectable in the learned threshold 3\\, which decreases at ong = 0.22 (see RD data in Figure
3.5.2 (right)), and in the loss function £ (Figure 3.5.3c). At onr = 0.275 we see that £ in Figure
3.5.3c is minimized for A in the approximate range (~ 0.02, ~ 0.05) but also has a near-minimum
for A € (~ 0.05, ~ 0.1). These two regions correspond to discovery of the oscillatory model (3.5.8)
and the true model, respectively, but since the true model has a slightly higher loss at oyg = 0.275,
model (3.5.8) is selected. For oy > 0.4 there is no longer (on average) a region of A that results
in discovery of the true model, and WINSDy returns (3.5.8) to compensate for noise.

For Navier-Stokes we see an averaging effect at higher noise, similar to the reaction-diffusion
system. TPR drops below 0.95 for noise levels above 27% with the resulting misidentified model

being simply Euler’s equations in vorticity form:
Opw = —0g(wu) — Oy(wv).

This is due primarily to the small viscosity ¥ = 0.01 which prevents identification of the viscous
forces at higher noise levels. Examining the loss function £, Figure 3.5.3d shows that above onp =~
0.275, minimizers of £ are above 0.01, hence the viscous terms will be thresholded out. Another

possible explanation is the low-accuracy simulation used for the clean dataset: in the noise-free

25This is discussed further in Appendix 3.B.7.
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Figure 3.5.3: Plots of the average loss function £(A) and resulting optimal threshold X for the
Kuramoto Sivashinsky, Sine-Gordon, Reaction diffusion and Navier-Stokes equations.

setting, Table 3.5.4 shows that WSINDy recovers the model coefficients of Navier-Stokes to less
than 3 significant digits in the absence of noise, which is the same level of accuracy exhibited on each
of the other systems under 5% noise (see Figure 3.5.4). Nevertheless, with reliable recovery up to
27% mnoise, WSINDy makes notable improvements on previous results ([117]). Moreover, recovery
of the Euler equations at high noise is desirable as this can be seen as the correct leader-order

model.

3.5.5 Results: Coefficient Accuracy

Accuracy in the recovered coefficients is measured by Fo, and Fy (defined in (3.5.4) and (3.5.5),
respectively) and shown in Table 3.5.4 for oyr = 0 and in Figure 3.5.4 for oyg > 0. As in

the ODE case, the coefficient error F, for smooth, noise-free data is determined by the order of
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1B

Kdv

KS

NLS

PM

SG

RD

NS

43x107°

3.1x 107"

8.1x 1077

9.4 x107°

2.2x107°

43x107°

3.9x 10~ 10

1.1x 1073

Table 3.5.4: Accuracy of WSINDy applied to noise-free data (oxr = 0).

KdVv KS NLS RD NS
WSINDy | 6.7x10 % [ 1.8x10*[29x10*[6.0x10 %[ 12x10°
PDE-FIND | 7.0 x 102 0.52 3.0x1077 [ 3.8x1072 | 7.0x 1077

Table 3.5.5: Accuracy comparison between WSINDy and PDE-FIND with oyg = 0.01 (results for
PDE-FIND reproduced from [117]).

accuracy of the numerical simulation method?%, since the error resulting from the trapezoidal rule
], Lemma 1). Table 3.5.4 also

shows that the algorithm returns reasonable accuracy for non-smooth data, with E,, = 4.3 x 107°

is of lower order for the values (pz,p:) used in Table 3.5.3 (see |

and Fo = 2.2 x 107 for the inviscid Burgers and porous medium equations, respectively. For
reference, Table 3.5.5 shows that WSINDy improves over PDE-FIND by about two digits?”.

For oyp > 0, in Figure 3.5.4 it is apparent that FE., scales approximately as a power law
E ~ oy for some r approximately in the range (~ 1, ~ 2) in all systems except Navier-Stokes. It
was observed in [57] that E will approximately scale linearly with oy g for Kuramoto-Sivashinsky,
however our results show that in general, for larger oy g, the rate will be superlinear and dependent
on the reference test function and the nonlinearities present. A simple explanation for this in the
case of normally-distributed noise is the following: linear terms ¥?® % U will be normally-distributed
with mean U®+U* and approximate variance AzP At HDasti o2, hence are unbiased?® and lead to
perturbations that scale linearly with oxg. On the other hand, general monomial nonlinearities?”
Us x UJ with j > 1 are biased and have approximate variance A:CDAtHDasz/Jnggj(a) for pa;
a polynomial of degree 2j. Hence, nonlinear terms ¥* x f;(U) lead to biased columns of the
Gram matrix G with variance scaling with o?" for some r > 1 and proportional to HDasz/JHz.
Thus, for larger noise and higher-degree monomial nonlinearities, we expect superlinear growth
of the error, as observed in particular with nonlinear Schrodinger’s, Sine-Gordon, and reaction-
diffusion. Nevertheless, Figure 3.5.4 suggests that a conservative estimate on the coefficient error
is oo < 5,
for each system except KdV, indicating two significant digits), which is consistent with the ODE

indicating 1 — log,o(ong) significant digits (e.g. for oxg = 0.1 we have E,, < 1072

case [100].
For Burgers and Korteweg-De Vries, the average error Es5 at higher noise levels is affected by

outliers containing a falsely-identified advection term O,u. This is due to the large amplitude

26For example, Sine-Gordon and Navier-Stokes are both integrated in time using second-order methods, hence have
lower accuracy than the other examples (see Appendix 3.B for more details).

2"Results shown for oxr = 0.01 reproduced from [117] (note that PDE-FIND is unreliable at higher noise levels).

28In other words, equal to the noise-free case in expectation (recall that U* is the underlying noise-free data).

2%With the exception of j = 2 and odd |a®|, due to the fact that E[T* * €] =~ E[¢?] Jon D"y dadt = 0.

~
~
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Figure 3.5.4: Coefficient errors Fo, and FEs (equations (3.5.4) and (3.5.5)) for each of the seven
models Table 3.5.1. Models in one and two spatial dimensions are shown on the left and right,
respectively.

datasets used, which lead to the closest pure-advection model for each system being given by3°
(Burgers) 0qu = —(498)0,u, (KdV) 0yu = —(512)0,u.

Hence, a falsely identified 0,u term will have a large coefficient compared to the true model coeffi-
cients which have magnitudes 0.5 or 1. In all other cases, the values of E5 and E., are comparable,
which implies that misidentified terms do not have large coefficients and might be removed with a
larger threshold. Lastly, the sigmoidal shape of F, and FEs for Navier-Stokes is due again to the
unidentified diffusive terms at larger noise. It is interesting to note that for oyp < 0.27 the coefhi-
cient error for Navier-Stokes is relatively constant, in contrast to the other systems, and does not

exhibit a power-law. However, at present, we do not have a concrete explanation for this behavior.

30This is found by projecting the left-hand side b onto the column 9,4 * U* (i.e. in the noise-free case).
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Figure 3.5.5: Prediction accuracy measured by Py s57(w) and Tp1 (W) (defined in (3.5.6) and (3.5.7),
respectively).

3.5.6 Results: Prediction Accuracy

Lastly, Figure 3.5.5 shows the prediction accuracy on a subset of the systems in Table 3.5.1 as
measured by Pysr(w) and Tp.1(w) (defined in (3.5.6) and (3.5.7), respectively). We report that
data-driven solutions attain greater than 90% accuracy in the Lo sense up to time 0.87" (80% of
the trajectory) for noise levels as high as 40%. (This excludes the KS equation, which exhibits
spatiotemporal chaos and cannot be expected to remain close to the noise-free data.) Data-driven
solutions to the KS equation, while eventually divergent, also attain 90% accuracy up to time 0.57
for noise levels below 15%. Lastly, we note that for lower noise levels (up to 10%), the accuracy of
data-driven solutions to the inviscid Burgers, Korteweg-de Vries and Sine-Gordon equations is on

average above 96% along the entire trajectory (not shown in the figures).

3.6 Conclusion

We have extended the WSINDy algorithm to the setting of PDEs for the purpose of discovering
models for spatiotemporal dynamics without relying on pointwise derivative approximations, black-
box closure models (e.g. deep neural networks), dimensionality reduction, or other noise filtering.
We have provided methods for learning many of the algorithm’s hyperparameters directly from
the given dataset, and in the case of the threshold X, demonstrated the necessity of avoiding
manual hyperparameter tuning. The underlying convolutional weak form (3.3.4) allows for efficient
implementation using the FFT. This naturally leads to a selection criterion for admissable test
functions based on spectral decay, which is implemented in the examples above. In addition, we
have shown that by utilizing scale invariance of the PDE together with a modified sparsification

measure, models may be recovered from large candidate model libraries and from data that is poorly
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scaled. When unsuccessful, WSINDy appears to discover a nearby sparse model that captures
the dominant spatiotemporal behavior (see the discussions surrounding misidentification of the
reaction-diffusion and Navier-Stokes equations in Section 3.5.4).

We close with a summary of possible future directions. In Section 3.4.1 we discussed the
significance of decay properties of test functions in real and in Fourier space, as well as general test
function regularity. We do not make any claim that the class S defined by (3.4.2) is optimal, but
it does appear to work very well, as demonstrated above (as well as in the ODE setting [100]) and
also observed in [114, 57]. A valuable tool for future development of weak identification schemes
would be the identification of optimal test functions. A preliminary step in this direction is our use
of the changepoint method described in Appendix 3.A.

In the ODE setting, adaptive placement of test functions provided increased robustness to noise.
Convolution query points can similary be strategically placed near regions of the dynamics with
high information content, which may be crucial for model selection in higher dimensions. Defining
regions of high information content and adaptively placing query points accordingly would allow for
identification from smaller datasets.

Ordinary least squares makes the assumption of i.i.d. residuals and should be replaced with
generalized least squares to accurately reflect the true error structure. The current framework could
be vastly improved by incorporating more precise statistical information about the linear system
(G,b). The first step in this direction is the derivation of an approximate covariance matriz as in
WSINDy for ODEs [100]. Previous results on generalized sensitivity analysis for PDEs may provide
improvements in this direction [73, 134].

Accuracy in the recovered coefficients is still not entirely understood and is needed to derive
recovery guarantees. It is claimed in [57] that at higher noise levels the scaling will approximately
be linear in oypr, while we have demonstrated that this is not the case in general: the scaling
depends on the nonlinearities present in the true model, the decay properties of the test functions,
and accuracy of the underlying clean data. Analysis of coefficient error dependence (on noise,
amplitudes, number of datapoints, etc.) could occur in tandem with development of a generalized
least-squares framework.

The examples above show that WSINDYy is very robust to noise for problems involving nonlinear
waves (Burgers, Korteweg de-Vries, nonlinear Schrodinger, Sine-Gordon), spatiotemporal chaos
(Kuramoto-Sivashinsky), and even nonlinear diffusion (porous medium), but is less robust for data
with limit cycles (reaction-diffusion, Navier-Stokes). Further, identification of Burgers, Korteweg
de-Vries, and Sine-Gordon appears robust to changes in the sparsity threshold P\ (see Figure 3.5.2
(right)). A structural identifiability criteria for measuring uncertainty in the recovery process based
on identified structures (transport processes, mixing, spreading, limit cycles, etc.) would also be

invaluable for general model selection.
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Appendix

3.A Learning Test Functions From Data

We present the following algorithm for automatic selection of test functions which utilizes the
implicit smoothing of high-frequency noise afforded by the convolution. This approach is useful
in practice but we leave rigorous justification of it to future work. We proceed in two steps: (1)
estimation of critical wavenumbers (k7, ..., k}, ) separating noise- and signal-dominated modes in
each coordinate and (2) enforcing decay in real and in Fourier space.

We will describe the process for detecting k = ki from data U € RM>*N2 given over the
one-dimensional spatial grid x € RM at timepoints t € RY2. Figures 3.A.1-3.A.2 illustrate this
approach using Kuramoto-Sivashinsky data with 50% noise. Below, 7% and F! denote the discete
Fourier transform (DFT) along the z and t coordinates, respectively, while F denotes the full

two-dimensional DFT.

3.A.1 Detection of Critical Wavenumbers

Assume the data has additive white noise U = U* + € with € ~ N(0,0?) and that F(U*)
decays. The power spectrum of the noise |F*(¢€)| is then i.i.d, hence as discussed in Section 3.4.1,
there will be a critical wavenumber k) in the power spectrum of the data F*(U) after which the

modes become noise-dominated. To detect kX, we collapse |F*(U)| into a one-dimensional array

x>

by averaging in time and then take the cumulative sum in z:

k

Hy:= > [F(U) (3.A.1)
j==N1/2

where |F7(U)| is the time-average of the jth mode of the discrete Fourier transform along the -
coordinate. Since |F*(e€)|is i.i.d., H* will be approximately linear over the noise-dominated modes,
which is an optimal setting for locating k) as a changepoint, or in other words the corner point of
the best piecewise-linear approximation3! to H* using two pieces (see Figure 3.A.1). An algorithm

for this is given in [76] and implemented in MATLAB using the function findchangepts.

3'In the weighted least-squares sense with weights wy, = |HF| L.
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3.A.2 Enforcing Decay

Having detected the changepoints k) and kf, we compute hyperparameters for the coordinate
test functions ¢, and ¢; using user-specified hyperparameters 7 and 7. As in Section 3.4.1, 7
specifies the rate of decay of ¢, and ¢, in real space through equation (3.4.3). The hyperparameter
7 is introduced to specify the rate of decay of ¢, and ¢; in Fourier space. Specifically, for a chosen
7 we enforce that the changepoints k¥ and kf fall approximately 7 standard deviations into the tail

of the spectra ax and QASt. This is done by utilizing that ¢, and ¢; are functions of the form

bunte) =0 (1= (2)°)

+

(i.e. centered, symmetric functions in the class S defined in (3.4.2)) which are well-approximated by
Gaussians for large enough p and appropriate scaling C. Indeed, letting C' be such that [[¢qp|; = 1
and setting o := a/v/2p + 3, we have that ¢, , matches the first three moments of the Gaussian

1 2762
68/20,

pols) = s

which provides a bound on the error in the Fourier transforms &W and p, for small frequencies £

in terms of their 4th moments>2:

at p+3/2
2 | (4p? +12p + 9)(4p? + 16p + 15)

|@M@—@@M§mﬁ( ]+dn):am%%*»

This implies that for small £ and a and large p, it suffices to use py(§) = p1/5(§) to estimate ‘ga,p-

Hence, we enforce decay of (Ex (and similarly for qgt) by choosing m, and p, such that

or . 7 /s T3
= — =T
NiAz * o me AT
= 2wkimg = TN1\/2p; + 3. (3.A.2)

so that k¥ is 7 standard deviations into the tail of p, (&), where 0 = m,;Az/\/2p, +3. To solve

(3.4.3) and (3.A.2) simultaneously, we compute m, as a root of

2m —1
m2

F(m) := F(m; kg, Ny,7,7) = log ( > (47r2/.c;2m2 - 3N12?2) — 2N272log(r).

F(m) has a unique root m, > 2 in the nonempty interval

[\/g <N1/2> 7, V3 <J\2{2> ﬂ/l — (8/V/3) 10g(7)]

*
T k¥ T *

32This also shows that with o = a/\/2p + 3, if we take a = v/2p then we get pointwise convergence ¢, — p1 as
p — oo.
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Figure 3.A.1: Visualization of the changepoint algorithm for KS data with 50% noise. Left: H”
(defined in (3.A.1)) and best two-piece approximation L*= along with resulting changepoint k* = 24.
The noise-dominated region of H* (k > 24) is approximately linear as expected from the i.i.d.
noise. (The time-averaged power spectrum |F*(U)| is overlaid and magnified for scale). Right:
resulting test function ¢, and power spectrum |F(¢,)| along with reference Gaussian p, with
o = mgAx/\/2p, + 3. The power spectra |F(¢,)| and |F(p,)| are in agreement over the signal-
dominated modes (k < 24). (Note that the power spectrum is symmetric about zero.)

on which F' monotonically decreases and changes sign, provided N; > 4, 7 € (0,1) and éki* €
[4/N1, 1], constraints which are easily satisfied. After finding m, we can solve for p, using eitmher
(3.4.3) or (3.A.2).

Figure 3.A.2 illustrates the implicit filtering of this process using the Burgers-type nonlinearity
0;(U?) and the same KS dataset as in Figure 3.A.2 with 50% noise. The top panel compares
a one-dimensional slice in z taken at fixed time t = 99 of the clean data (U*)? and noisy data
(U)2. The middle panel shows the Fourier transforms of (U*)? and (U)? along the given slice,
showing that modes after k) become noise-dominated. Finally, the bottom panel shows that after
convolution with @, where m, and k, are chosen with 7 = 1071 and 7 = 2, the clean and
noisy spectra agree well, indicating successful filtering of noise-dominated modes (note that (U)?
is highly-corrupted, nonlinearly-transformed, and biased from the noise-free term (U*)2, making

this agreement in spectrum nontrivial).

3.B Simulation Methods

We now review the numerical methods used to simulate noise-free datasets for each of the
PDEs in Table 3.5.1 (note that dimensions of the datasets are given in Table 3.5.2). Resolutions
in space and time were chosen to limit computational overhead while exemplifying the dominant
features of the solution. With the exception of the Navier-Stokes equations, which was simulated

using the immersed boundary projection method in C++ [133], all computations were performed
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Figure 3.A.2: Illustration of the test function learning algorithm using computation of

Oz * (U?) along a slice in x at fixed time ¢ = 99 for the same dataset used in Figure 3.A.1.
From top to bottom: (i) clean U* and noisy U variables, (ii) power spectra of the clean vs.
noisy data along with the learned corner point k7, (iii) power spectra of the element-wise products
F(0:0) ® F((U*)?) and F(0,¢) ® F((U)?) (recall that these computations are embedded in the
FFT-based convolution (3.3.12)).
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in MATLAB 2019b. An interesting extension for future work would be to examine the dependence
of WSINDy on the resolution, similar to the work in [106].

3.B.1 Inviscid Burgers

Ou = —%Gm(u?) (3.B.1)

We take for exact data the shock-forming solution

A ‘> 1 n 1 2 n 1
, > max Ax " A:v 5
u(z,t) =< ar A (t B 1) <2 <0 ) (3.B.2)
1—at a
0, otherwise

which becomes discontinuous at t = o~! with a shock travelling along = = % (t — é) (see Figure
3.5.1). We choose a = 0.5 and an extreme value of A = 1000 to demonstrate that WSINDy still has
excellent performance for large amplitude data. The noise-free data consists of (3.B.2) evaluated
at the points (z;,t;) = (—4000 + Az, jAt) with Az = 31.25 and At = 0.0157 for 1 <1, j < 256.

3.B.2 Korteweg-de Vries

1
Oyu = —§8x(u2) — Ozl (3.B.3)

A solution is obtained for (z,t) € [—m, 7] x [0,0.006] with periodic boundary conditions using
ETDRKA4 timestepping and Fourier-spectral differentiation [72] with N7 = 400 points in space and
Ny = 2400 points in time. We subsample 25% of the timepoints for system identification and keep
all of the spatial points for a final resolution of Az = 0.0157, At = 10~°. For initial conditions we

use the two-soliton solution
u(z,0) = 3A4%sech(0.5(A(z + 2)))? + 3B2sech(0.5(B(z + 1)))?, A =25 B =16.
3.B.3 Kuramoto-Sivashinsky

1
Oy = —§8w(u2) — Opptt — Oppazl. (3.B.4)
A solution is obtained for (x,t) € [0,327] x [0,150] with periodic boundary conditions using ET-
DRK4 timestepping and Fourier-spectral differentiation [72] with N; = 256 points in space and

Ny = 1500 points in time. For system identification we subsample 20% of the time points for a
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final resolution of Az = 0.393 and At = 0.5. For initial conditions we use
u(z,0) = cos(z/16)(1 + sin(z/16)).

3.B.4 Nonlinear Schrodinger

7
wi = =5 0w + |w]?w (3.B.5)
For the nonlinear Schrodinger equation (NLS) we reuse the same dataset from [117], containing

N; = 512 points in space and Ny = 502 timepoints, although we subsample 50% of the spatial
points and 50% of the time points for a final resolution of Ax = 0.039, At = 0.0125. For system

identification, we break the data into real and imaginary parts (w = u+iv) and recover the system

Ou = 10,0 + v + 03
IR (3.B.6)

O = —%8mu — uv? —ud.

3.B.5 Anisotropic Porous Medium

O = (0.3)0z (u?) — (0.8)0y (u?) + Oy (u?). (3.B.7)

The equation can be rewritten
du =V - (DV(u?))

D - 0.3 -04 '
-04 1

For noise-free data we use the analytical weak solution

for diffusivity tensor

TDfl
U(X,t) = x x > )

1 <C’
— max -
Vi 16Vt

~1/2
where x = (z,y)” and C = (87r\/det (D)) is chosen to enforce that [p, u(x,t)dx = 1 for all

time. The solution has a finite jump in the gradient Vu. For reference, this is the anisotropic version
of the classical Barenblatt-Pattle solution to the (isotropic) porous medium equation [7, ]. For
the computation grid we use 200 points equally spaced from —5 to 5 in both z and y and 128
timepoints equally spaced from 0.5 to 2.5. The resolution is then Az = 0.05 and At = 0.0157.
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Figure 3.B.1: Noise-free data used for the anisotropic porous medium equation (3.B.7) at the initial
time ¢ = 0.5 (left) and final time ¢ = 2.5 (right).

3.B.6 Sine-Gordon

Ot = Ogptt + Oyyu — sin(u) (3.B.8)

A numerical solution is obtained using a pseudospectral method on the spatial domain [—m, 7] X
[—1, 1] with 64 equally-spaced points in = and 64 Legendre nodes in y. Periodic boundary conditions
are enforced in « and homogeneous Dirichlet boundaries in y. Geometrically, waves can be thought
of as propagating on a right cylindrical sheet with clamped ends. Leapfrog time-stepping is used
to generate the solution until 7'= 5 with At = 6e—5. We then subsample 0.25% of the timepoints
and interpolate onto a uniform grid in space with Ny = 403 points in  and Ny = 129 points in y.
The final resolution is Az = 0.0156, At = 0.025. We arbitrarily use Gaussian data for the initial
wave disturbance:
u(z,y,0) = 2w exp(—8(x — 0.5)% — 8y/?).

It is worth noting that when STLS is used instead of MSTLS (see Section 3.4.2) for sparsity

enforcement, WSINDy returns a combination of sin(u) and terms from Taylor expansion of sin(u),

a (u - %u?’ b ) + (1= a)sin(w). (3.B.9)

MSTLS removes this problem. Furthermore, the test function selection method in Appendix 3.A is

essential for allowing robust recovery of the Sine-Gordon equation as ong — 1 (see Figure 3.5.2).
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3.B.7 Reaction-Diffusion

O = L0u+ LOyu —uv? —ud + 03 +uv+u
t 10z 10°vY (3.B.10)

Oy = %amv + Tloﬁyyv +v—w?—ud— v — v

The system (3.B.10) is simulated over a doubly-periodic domain (z,y) € [—10,10] x [—10, 10]
with ¢ € [0, 10] using Fourier-spectral differentiation in space and method-of-lines time integration
via MATLAB’s ode45 with default tolerance. The computational domain has dimensions N =
Ny = 256 and N3 = 201, for a final resolution of Az = 0.078, At = 0.0498. For initial conditions

we use the spiral data

u(z,y,0) = tanh(\/.m) cos (H(x +iy) — W\/W)
v(x,y,0) = tanh(\/m) sin (0(3: +iy) — ﬂ\/W) ,

where 0(z) is the principle angle of z € C. Note that this is an unstable spiral which breaks apart
over time but still settles into a limit cycle.

Using the traditional (stable) spiral wave data [117] (differing only from the dataset used here
in that the term ﬂ'\/m in the initial conditions above is replaced by \/W) we noticed an
interesting behavior in that for high noise the resulting model is purely oscillatory. In other words,

the stable spiral limit cycle happens to be well-approximated by the pure-oscillatory model

0 1
Oru = « < > u (3.B.11)
-1 0

with a =~ 0.91496. A comparison between this purely oscillatory reduced model and the full model
simulated from the same initial conditions is shown in Figure 3.B.2. For oyrp < 0.1 WSINDy
applied to the stable spiral dataset returns the full model, while for onyr > 0.1 the oscillatory
reduced model is more frequently detected. This suggests that although the stable spiral wave is a
hallmark of the A\-w reaction-diffusion system, from the perspective of data-driven model selection

it is not an ideal candidate for identification of the full model.

3.B.8 Navier-Stokes

1 1
Ot = —0n(wu) = By (wu) + 75500 + 7Oy (3.B.12)

A solution is obtained on a spatial grid (z,y) C [—1,8] x [—2,2] with a “cylinder” of diameter 1
located at (0,0). The immersed boundary projection method [133] with 3rd-order Runge-Kutta
timestepping is used to simulate the flow at spatial and temporal resolutions Ax = At = 0.02
for 2000 timesteps following the onset of the vortex shedding limit cycle. The dataset (U, V, W)
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Figure 3.B.2: Comparison between the full reaction-diffusion model (3.B.10) (left) and the pure-
oscillatory reduced model (3.B.11) (right) at the final time 7" = 10 with both models simulated
from the same initial conditions leading to a spiral wave (only the v component is shown, results

for u are similar). The reduced model provides a good approximation away from the boundaries.

contains the velocity components as well as the vorticity for points away from the cylinder and

boundaries in the rectangle (z,y) € [1,7.5] x [-1.5,1.5]. We subsample 10% of the data in time for

a final resolution of Az = 0.02 and At = 0.2.
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Chapter 4

WSINDy for IPS

Abstract

We develop a weak-form sparse identification method for interacting particle systems (IPS) with
the primary goals of reducing computational complexity for large particle number N and offering
robustness to either intrinsic or extrinsic noise. In particular, we use concepts from mean-field
theory of IPS in combination with the weak-form sparse identification of nonlinear dynamics al-
gorithm (WSINDy) to provide a fast and reliable system identification scheme for recovering the
governing stochastic differential equations for an IPS when the number of particles per experiment
N is on the order of several thousands and the number of experiments M is less than 100. This
is in contrast to existing work showing that system identification for N less than 100 and M on
the order of several thousand is feasible using strong-form methods. We prove that under some
standard regularity assumptions the scheme converges with rate O(N -1/ 2) in the ordinary least
squares setting and we demonstrate the convergence rate numerically on several systems in one and
two spatial dimensions. Our examples include a canonical problem from homogenization theory
(as a first step towards learning coarse-grained models), the dynamics of an attractive-repulsive
swarm, and the IPS description of the parabolic-elliptic Keller-Segel model for chemotaxis. Code
is available at https://github.com/MathBioCU/WSINDy_IPS.


https://github.com/MathBioCU/WSINDy_IPS
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4.1 Problem Statement

Recently there has been considerable interest in the methodology of data-driven discovery for
governing equations. Building on the Sparse Identification of Nonlinear Dynamics (SINDy) [23],
we developed a weak form version (WSINDy) for ODEs [100] and for PDEs [99]. In this work,
we develop a formulation for discovering governing stochastic differential equations (SDEs) for
interacting particle systems (IPS). To promote clarity and for reference later in the chapter, we
first state the problem of interest. Subsequently, we will provide a discussion of background concepts
and current results in the literature.

Consider a particle system X; = (Xt(l)7 e ,Xt(N)) € RM4 where on some fixed time window

t € [0,T7], each particle Xt(i) € R4 evolves according to the overdamped dynamics
ax?) = (~vK «p (X) = vv (X)) dt + o(x{) aB? (4.1.1)

with initial data Xéi) each drawn independently from some probability measure pg € Pp(Rd),
where ’Pp(Rd) is the space probability measures on R? with finite pth moment!. Here, K is the
interaction potential defining the pairwise forces between particles, V' is the local potential containing
all exogenous forces, o is the diffusivity, and (Bﬁ”)i are independent Brownian motions each

1,...,N
adapted to the same filtered probability space (2, B, P, (Ft)t>0). The empirical measure is defined

1
N._ * v
Hy = N Z(Sxﬁlh
i=1
and the convolution VK * 1Y is defined

N
N _ - N _i (@)
VE s p¥ (@) =V | Kz —y)dp <y>—N;w<(x x7)

where we set VK (0) = 0 whenever VK (0) is undefined. The recovery problem we wish to solve is

the following.

(P) Let X = (X,El), e ,X,EM)) be discrete-time data at L timepoints t := (¢1,...,tr) for M i.i.d.
trials of the process (4.1.1) with K = K*, V =V* and ¢ = ¢* and let Y = X + ¢ be a corrupted
dataset. For some fixed compact domain D C R? containing supp (Y), and finite-dimensional
hypothesis spaces’? Hx C L?(D — D), Hy C L*(D), and H, C L*(D), solve

~

(B.V.5)=  argmin VK = VK|l papp) + [VV = TV ) + 1o = 0| 2y -
KeHk,VEHV ,0EH,

*

The problem (P) is clearly intractable because we do not have access to K*, V* or ¢*, and

'We define the pth moment of a probability measure u for p > 0 by Mp(u) := fRd |z|Pdu(z).
®The set D — D is defined D —D ={x —y : (x,y) € D x D}.
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moreover the interactions between these terms render simultaneous identification of them ill-posed.
We consider two cases: (i) € # 0 and o* = 0, corresponding to purely eztrinsic noise, and (ii) ¢ =0
and o* # 0, corresponding to purely intrinsic noise. The extrinsic noise case is important for many
applications, such as cell tracking, where uncertainty is present in the position measurements. In
this case we examine ¢ representing i.i.d. Gaussian noise with mean zero and variance® ¢2I; added
to each particle position in X. In the case of purely intrinsic noise, identification of the diffusivity o*
is required as well as the deterministic forces on each particle as defined by K* and V*. A natural
next step is to consider the case with both extrinsic and intrinsic noise. However, the combined
noise case is sufficiently nuanced as to render it beyond the scope of this chapter, and we leave it

for future work.

4.2 Background

Interacting particle systems (IPS) such as (4.1.1) are used to describe physical and artificial
phenomena in a range of fields including astrophysics [146, 56], molecular dynamics [32], cellular
biology [125, , 10], and opinion dynamics [14]. In many cases the number of particles N is large,
with cell migration experiments often tracking 103-10° cells and simulations in physics (molecular
dynamics, particle-in-cell, etc.) requiring N in the range 106-10'2. Inference of such systems from
particle data thus requires efficient means of computing pairwise forces from O(N?) interactions
at each timestep for multiple candidate interaction potentials K. Frequently, so-called mean-field
equations at the continuum level are sufficient to describe the evolution of the system, however
in many cases (e.g. chemotaxis in biology [71]) only phenomenological mean-field equations are
available. Moreover, it is often unclear how many particles N are needed for a mean-field description
to suffice. Many disciplines are now developing machine learning techniques to extract coarse-
grained dynamics from high-fidelity simulations (see [54] for a recent review in molecular dynamics).
In this work we provide a means for inferring governing mean-field equations from particle data
assumed to follow the dynamics (4.1.1) that is highly efficient for large N, and is effective in learning
mean-field equations when N is in range 103-105.

Inference of the drift and diffusion terms for stochastic differential equations (SDEs) is by now a
mature field, with the primary method being maximum-likelihood estimation, which uses Girsanov’s
theorem together with the Radon-Nykodym derivative to arrive at a log-likelihood function for
regression. See [11, 87] for some early works and [12] for a textbook on this approach. More

recently, sparse regression approaches using the Kramers-Moyal expansion have been developed

[20, 25, 83] and the authors of [105] use sparse regression to learn population level ODEs from
agent-based modeling simulations. The authors of [22] also derived a bias-correcting regression
framework for inferring the drift and diffusion in underdamped Langevin dynamics, and in [33] a

neural network-based algorithm for inferring SDEs was developed.

3By I; we mean the identity in R%.
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Only in the last few years have significant strides been made towards parameter inference of
interacting particle systems such as (4.1.1) from data. Apart from some exceptions, such as a Gaus-
sian process regression algorithm recently developed in [10], applications of maximum likelihood
theory are by far the most frequently studied. An early but often overlooked work by Kasonga [71]
extends the maximum-likelihood approach to inference of the interaction potential K, assuming
full availability of the continuous particle trajectories and the diffusivity ¢. Two decades later,
Bishwal [13] further extended this approach to discrete particle observations in the specific context
of linear particle interactions. In both cases, a sequence of finite-dimensional subspaces is used to
approximate the interaction function, and convergence is shown as the dimension of the subspace
J and number of particles N both approach infinity. More recently, the maximum likelihood ap-
proach has been carried out in [19, 90] in the case of radial interactions and in [31] in the case
of linear particle interactions and single-trajectory data (i.e. one instance of the particle system).
The authors of [127] recently developed an online maximum likelihood method for inference of IPS,
and in [55] maximum likelihood is applied to parameter estimation in an IPS for pedestrian flow.
It should also be noted that parameter estimation for IPS is common in biological sciences, with
the most frequently used technique being nonlinear least squares with a cost function comprised of
summary statistics [92, 125].

Problem (P) is made challenging by the coupled effects of K, V', and o. In each of the previously
mentioned algorithms, the assumption is made that o is known and/or that K takes a specific
form (radial or linear). In addition, the maximum likelihood-based approach approximates the
differential dXt(i) of particle ¢ using a 1st-order finite difference: dXt(i) ~ X t(jr) At~ Xt(i), which is
especially ill-suited to problems involving extrinsic noise in the particle positions. Our primary
goal is to show that the weak-form sparse regression framework allows for identification of the full
model (K, V, o), with significantly reduced computational complexity, when N is on the order of
several thousands or more. We use a two-step process: the density of particles is approximated
using a density kernel G and then the WSINDy algorithm (weak-form sparse identification of
nonlinear dynamics) is applied in the PDE setting [100, 99]. WSINDy is a modified version of the
original SINDy algorithm [23, | where the weak formulation of the dynamics is enforced using
a family of test functions that offers reduced computational complexity, high-accuracy recovery in
low-noise regimes, and increased robustness to high-noise scenarios. The feasibility of this approach
for IPS is grounded in the convergence of IPS to associated mean-field equations. The reduction
in computational complexity follows from the reduction in evaluation of candidate potentials (as
discussed in Section 4.4.2), as well as the convolutional nature of the weak-form algorithm.

To the best of our knowledge, we present here the first weak-form sparse regression approach
for inference of interacting particle systems, however we now review several related approaches that
have recently been developed. In [131], the authors learn local hydrodynamic equations from active
matter particle systems using the SINDy algorithm in the strong-form PDE setting. In contrast to

[131], our approach learns nonlocal equations using the weak-form, however similarly to [131] we
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perform model selection and inference of parameters using sparse regression at the continuum level.
The weak form provides an advantage because no smoothness is required on the particle density (for
requisite smoothness the authors of [131] use a Gaussian kernel, which is more expensive to compute
than simple particle binning as done here). The authors of [3] developed an integral formulation for
inference of plasma physics models from PIC data using SINDy, however their method involves first
computing strong-form derivatives and then averaging, rather than integration by parts against test
functions as done here, and as in [131], the learned models are local. In [$1], the authors apply the
maximum likelihood approach in the continuum setting on the underlying nonlocal Fokker-Planck
equation and learn directly the nonlocal PDE using strong-form discretizations of the dynamics.
While we similarly use the continuum setting for inference (albiet in weak form), our approach
differs from [1] in that it is designed for the more realistic setting of discrete-time particle data,

rather than pointwise data on the particle density (assumed to be smooth in [31]).

4.2.1 Contributions

The purpose of the present chapter is to show that the weak form provides an advantage in speed
and accuracy compared with existing inference methods for particle systems when the number of
particles is sufficiently large (on the order of several thousand or more). The key points of this

chapter include:

(I) Formulation of a weak-form sparse recovery algorithm for simultaneous identification of the
particle interaction force K, local potential V', and diffusivity ¢ from discrete-time particle
data.

(II) Convergence with rate O(N~1/2) of the resulting full-rank least-squares solution as the num-

ber of particles N — oo and timestep At — 0.

(ITII) Numerical illustration of (II) along with robustness to either intrinsic randomness (e.g. Brow-

nian motion) or extrinsic randomness (e.g. additive measurement noise).

4.2.2 Chapter Organization

In Section 4.3 we review results from mean-field theory used to show convergence of the weak-
form method. In Section 4.4 we introduce the WSINDy algorithm applied to interacting particles,
including hyperparameter selection, computational complexity, and convergence of the method un-
der suitable assumptions in the limit of large N. Section 4.5 contains numerical examples exhibiting
the convergence rates of the previous section and examining the robustness of the algorithm to var-
ious sources of corruption, and Section 4.6 contains a discussion of extensions and future directions.
In the Appendix we provide information on the hyperparameters used (4.A), derivation of the ho-

mogenized equation (4.5.3) (4.A.1), results and discussion for the case of small N and large M (in
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comparison with [90]) (4.B), and proofs to technical lemmas (4.C). Table 4.4.1 includes a list of

notations used throughout.

4.3 Review of mean-field theory

Our weak-form approach utilizes that under fairly general assumptions the empirical measure
p¥ of the process X; defined in (4.1.1) converges weakly to py, the distribution of the associated
mean-field process X; defined in (4.3.2). Specifically, under suitable assumptions on V, K, o, and
Lo, there exists 7' > 0 such that for all ¢ € [0, T], the mean-field limit*

lim pN =
Ng)noo My et

holds in the weak topology of measures®, where y; is a weak-measure solution to the mean-field
dynamics

d 92

1
O =V - (VK % ) + V- (1 VV) + 5 Z

Gmgn (0 ) m€PARD. (43.)
1 K]

i?j:

Equation 4.3.1 describes the evolution of the distribution of the McKean-Vlasov process
dX; = —VK x p; (X3)dt — VV (Xy) dt + o(Xy) dBy. (4.3.2)

This implies that as NV — oo, an initially correlated particle system driven by pairwise interaction
becomes uncorrelated and only interacts with its mean-field distribution p;. In particular, the
following theorem summarizes several mean-field results taken from the review article [05] with
proofs in [132, 96]. ©

Theorem. [0, , 00] Assume that VK is globally Lipschitz, V =0, and o(x) = o = const. In

addition assume that pg € P2(RY). Then for any T > 0, for all t < T it holds that

(i) There exists a unique solution (Xi, pt) where Xy is a strong solution to (4.3.2) and p is a

weak-measure solution to (4.3.1).

4We use the notation ¢ — p: to denote the evolution of probability measures. Subscripts will not be used to
denote differentiation.

®Meaning that for all continuous bounded functions ¢ : R* = R, [,, ¢(x)duy (x) = [pa ¢(x)dpe().

SFor a function f : R? — Y, where Y is a metric space with metric p, we define Lip(f) by

Lip(f) i= sup 2L@-10))

z,y€R ‘QZ - y|

where |-| denotes the Euclidean norm. We say f is Lipschitz when Lip(f) < co. Also, ||f|lo1 == HfHoo—l—Zf:l ‘

of
Oz,

o]
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(ii) For any ¢ € C}(RY),

< clleller (4.3.3)

8 VN

Lo )
N;m )= | $@dun(@)

with C depending on Lip(VK) and T.
(i1i) For any k € N, a.e.-t < T, the k-particle marginal

(k),N . N
pr (X, my) = - FY (z1, ... g, X1y -« -y TN ) dTpy1 - - dTN
RA(N—

converges weakly to ,u?k as N — oo, where N € P(RNY) is the distribution of X;.

The previous result immediately extends to the case of VV and o both globally Lipschitz and
has been extended to VK only locally-Lipschitz in [18], VK with Coulomb-type singularity at the

origin in [17], and domains with boundaries in [18, 17]. Analysis of the model (4.3.1) continues
to evolve in various contexts, including analysis of equilibria [97, 50, 28] and connections to deep
learning [1]. For our convergence result below we simply assume that K*, V* o* and uo are such

that (7) and (¢7) from the above theorem hold.

4.3.1 Weak form

Despite the O(N -1/ 2) convergence of the empirical measure in previous theorem, it is unclear at
what particle number N the mean-field equations become a suitable framework for inference using
particle data, due to the complex variance structure at any finite V. A key piece of the present
work is to show that the weak form of the mean-field equations does indeed provide a suitable
setting when N is at least several thousands. Moreover, since in many cases (4.3.1) can only be
understood in a weak sense, the weak form is the natural framework for identification. We say that
pe is a weak solution to (4.3.1) if for any 1 € C?(R? x (0,T)) compactly supported it holds that

T T
/0 [ owtant) d(e)dt = /0 /R (Vo 1) - VE « () + Vil 1) YV ()

1 (4.3.4)
_ §Tr (V2¢(a:, t)a(:E)UT(a?)) )d,ut(l")dt,

where V24 denotes the Hessian of ¢ and Tr(A) is the trace of the matrix A. Our method requires
discretizing (4.3.4) for all ¢ € ¥ where U = (¢1,...,%y) is a suitable test function basis, and
approximating the mean-field distribution p; with a density U; constructed from discrete particle

data at time t. We then find K, V', and ¢ within specified finite-dimensional function spaces.
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4.4 Algorithm

We propose the general Algorithm 4.4.1 for discovery of mean-field equations from particle data.
The inputs are a discrete-time sample Y containing M experiments each with N particle positions
over L timepoints t = (¢1,...,tr). The following hyperparameters are defined by the user: (i) a
kernel G used to map the empirical measure ,ufv to an approximate density Uy, (ii) a spatial grid
C over which to evaluate the approximate density U; = U (C), (iii) a library of trial functions
L = {Lg,Ly,L,} = {(K )J KLV )] 1 ( ) 1}s (iv) a basis of test functions U = ()}, (V)
a quadrature rule over the spatiotemporal grid (C,t) denoted by an inner product (-,-), and (vi)
sparsity factors A for the modified sequential thresholding least-squares Algorithm 4.4.2 (MSTLS)
reviewed below. We discuss choices of these hyperparameters in Section 4.4.1, computational
complexity of the algorithm in Section 4.4.2, convergence of the algorithm in Section 4.4.3. In
Section 4.4.4 we briefly discuss gaps between theory and practice. Table 4.4.1 includes a list of

notations used throughout.
4.4.1 Hyperparameter Selection

Quadrature

We assume that the set of gridpoints C in Algorithm 4.4.1 is chosen from some compact domain
D C RY containing supp (Y). The choice of C (and D) must be chosen in conjunction with the
quadrature scheme, which includes integration in time using the given timepoints t as well as space.

For completeness, the inner products in lines 10, 16, 22, and 27 of Algorithm 4.4.1 are defined in

:/()T/Df(x,t)g(a:,t)dxdt,

and the convolution in line 10 is defined by

the continuous setting by

VK *Ut /VK r—1 Ut( )d

In the present work we adopt the scheme used in the application of WSINDy for local PDEs [99],
which includes the trapezoidal rule in space and time with test functions 4 compactly supported
in D x (0,7). We take D to be a rectangular domain enclosing supp (Y) and C C D to be equally-
spaced in order to efficiently evaluate convolution terms. In what follows we denote by (-,-) the
continuous inner product, (,-); the inner product over D x [0,7] evaluated using the composite
trapezoidal rule in space with meshwidth h and Lebesgue integration in time, and by (,-) hAt
the trapezoidal rule in both space and time, with meshwidth h in space and At in time. With
some abuse of notation, f * g will denote the convolution of f and g, understood to be discrete or
continuous by the context. Note also that we denote by uV, 1, and U the measures over R? x [0, T

defined by pl¥ A1y, 1eljo,r) and U 7, respectively, where Ajg 7 is the Lebesgue measure on



Algorithm 4.4.1 WSINDy for identifying mean-field equation (4.3.1) from particle data Y
(w, \) = WSINDy(Y,t; G, C, L, U, (-,-), A)

1: for /=1:L do
2 form=1: M do

3 Ugm) Jra G(C,y)dpiY (y) where 41y is the empirical measure for an)
4 end for

5 — ﬁ Z%:1 U( )

6: end for

7

8 for j=1:Jk do

9: fork=1:ndo

10: Gg = <V'¢k, UVKj * U>

11:  end for

12: end for

13:

14: for j=1:Jy do

15: fork=1:ndo

16: G} = (Vi UVV))
17:  end for

18: end for

19:

20: for j=1:J, do

21: fork=1:ndo

22: sz = %Eiqzl <8xpzq¢k7 (O'jUJT)PqU>
23:  end for

24: end for
25: G = [GE GV G7]
26:

27: for k=1:n do

28: by = (9, U)

29: end for

30:

31: (W,A) = MSTLS(G,b; A)  (sce Algorithm 4.4.2)
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[0, 77].

Density Kernel

Having chosen the domain D C R? containing the particle data Y, let P" = {By}, be a
partition of D (UpBy = D) with h indicating the size of the atoms Bj. For the remainder of the
chapter we take By to be hypercubes of equal side length h in order to minimize computation time
for integration, although this is by no means necessary. For particle positions X;, we define the

histogram”

U = zk: u;k’ﬂgk (z) (i, Z 15, (Xt“))) - /Dc;(x,y)dugv(y). (4.4.1)

Here the density kernel is defined
1
G({L‘, y) = Z @]131C (x)]lBk (y)a
k

and in this setting the corresponding spatial grid C = (cy )i is the set of center-points of the bins
By, from which we define the discrete histogram data U; = Uy(C). The discrete histogram Uy then
serves as an approximation to the mean-field distribution .

Pointwise estimation of densities from samples of particles usually requires large numbers of
particles to achieve reasonably low variance, and in general the variance grows inversely proportional
to the bin width h. One benefit of the weak form is that integrating against a histogram U does

not suffer from the same increase in variance with small h. In particular,

Lemma 2. Let (Y(l), Y@, .. ) be a sequence of R%-valued random variables such that the empirical

measure N of Y := (Y ... Y)Y converges weakly to p € P(RY) according to

E [((¢, ™) = (@, 1)?] < Cllllea N~ (4.4.2)

for all ¢ € CY(R?) and C a universal constant. Let U be the histogram computed with kernel G
using (4.4.1) with n bins and equal sidelength h. Then for any 1 in C1(RY) compactly supported

in D, we have the mean-squared error (for C depending on C' and d)
B (0, 0) — (0.1)2] < Ol (2 +N7Y).

Remark 2. We note that (4.4.2) follows immediately for Y ~ 1 1i.d.8, and also for Y = X; a
solution to (4.1.1) at time ¢ with mean-field distribution p = p; according to (4.3.3) (for suitable
K, V, and o), which is the setting of the current chapter.

1, z€A
0, z¢ A

"The indicator function is defined 14 (z) := {
®In this case (4.4.2) is the variance of a Monte-Carlo estimator for [ ¢ (z)du(z).
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of Lemma 2. First we note that by compact support of ¢, the trapezoidal rule can be written

N
w0 = (o | G(-,y>dw<y>>h = (W€ Ny = 3 e
=1

where the midpoint approximation ¥ of 1 is given by

K
= ¢(cr)Lp,(x (4.4.3)
k=1

Hence we simply split the error and use (4.4.2):

E |((¥,U)), — (%Mﬂ < 2E [(9€ — o, u)?] + 2B [((h, 1) — (1, 10))?]
< )12 < B2+ 20N~ >

O]

The previous lemma in particular shows that small bin width A does not negatively impact
(1,U), as an estimator of (1, 1), which is in contrast to U(z) as a pointwise estimator of p(z). For
example, if we assume that Y is sampled from a C! density p, it is well known that the mean-square
optimal bin width is h = O(N~1/3) [53]. Summarizing this result, elementary computation reveals

the pointwise bias for x € By,

w(Br)

bias(U(x)) = E[U(x)] — p(x) = | Bi|

— () := pl(§) — ()
for some £ € By. Letting Ly = max,ep, |Vu(z)|, we have
bias(U(z))? < L3297 1h2.

For the variance we get

B = p(Br) _ #&) () ;
1.

1
Var (U(z)) = N | B2 N N

and hence a bound for the mean-squared error

E[(U() - n())?] < 3202+ (5) _HME -
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Minimizing the bound over h we find an approximately optimal bin width

B* — ( p(§) )1/3 N3 = (’)(N_l/3),

25 2
which provides an overall pointwise root-mean-squared error of O(N -1/ 3). Hence, not only does
the weak form remove the inverse h dependence in the variance, but fewer particles are needed to

accurately approximate integrals of the density u.

Test Function Basis

For the test functions (¢x)1<k<n We use the same approach as the PDE setting [99], namely we

fix a reference test function ¥ and set

wk(x,t) = ¢(Xk — J},tk — t)

where Q := {(xx, t) 1<k<n is a fixed set of query points. This, together with a separable represen-

tation

Y(z,t) = ¢p1(z1) - Pa(Ta)Pasr1(t),

enables construction of the linear system (G, b) using the FFT. We choose ¢;, 1 < j < d+ 1, of

the form

Pmp(v; A) := max (1 - (ﬁ)Q ,0>p (4.4.4)

where m is the integer support parameter such that ¢,, , is supported on 2m + 1 points of spacing
A € {h,At} and p > 1 is the degree of ¢y, . For simplicity we set ¢; = ¢y, p, for 1 < j < d and
®d+1 = Gmy,pe» 50 that only the numbers m, p,, my, p; need to be specified.

Since ¢, has exactly p weak derivatives, p, and p; must be at least as large as the maximum
spatial and temporal derivatives appearing in the library L, or p, > 2, p; > 1. Larger p results
in higher-accuracy enforcement of the weak form (4.3.4) in low-noise situations (see Lemma 2 of
[100] for details), however the convergence analysis below indicates that smaller Lip(0“v), |o| < 2,
may reduce variance. The support parameter m determines the length and time scales of interest
and must be chosen small enough to extract relevant scales yet large enough to sufficiently reduce
variance.

In [99, Appendix A] the authors developed a changepoint algorithm to choose my, my, pz, pt
automatically from the Fourier spectrum of the data U. Here, for each of the three examples in
Section 4.5, we fix ¢ across all particle numbers N, extrinsic noises ¢, and intrinsic noises o, in
order to instead focus on convergence in N. To strike a balance between accuracy and small Lip(v))
we choose p; = 3 and p, = 5 throughout. We used a combination of the changepoint algorithm
and manual tuning to arrive at m, and m; which work well across all noise levels and numbers of

particles examined. Query points Q are taken to be an equally-spaced subgrid of C with spacing
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sy and sy for spatial and temporal coordinates. The resulting values p,, p¢, Mg, My, Sz, and sq
determinine the weak discretization scheme and can be found in Appendix 4.A for each example
below.

The results in Section 4.5 appear robust to 3 < p,,pr < 9. In addition, choosing m, and
my specific to each dataset Y using the changepoint method often improves results. Although
automated in the changepoint algorithm, we recommend visualizing the overlap between the Fourier
spectra of ¢ and U when choosing p.., p:, mz, m: in order to directly observe which the modes in
the data will experience filtering under convolution with . In general, there is much flexibility in

the choice of . Optimizing 1 continues to be an active area of research.

Trial Function Library

The general Algorithm 4.4.1 does not impose a radial structure for the interaction potential
K, nor does it assume any prior knowledge that the particle system is in fact interacting. In the
examples below?, the libraries L, Ly, L, are composed of monomial and/or trigonometric terms
to demonstrate that sparse regression is effective in selecting the correct combination of nonlocal
drift, local drift, and diffusion terms. Rank deficiency can result, however, from naive choices of

nonlocal and local bases. Consider the kernel K (z) = 3|z|2, which satisfies

VK xpy =z — My () = VV(z)

where V(z) = §|o — My (p)|* and M (u) is the first moment of ;. Since Mi(p) is conserved in

the model (4.3.2) posed in free-space'?, including the same power-law terms in both libraries L
and Ly will lead to rank deficiency. This is easily avoided by incorporating known symmetries of
the model (4.3.2), however in general we recommend that the user build the library L incrementally

and monitor the condition number of G while selecting terms.

Sparse Regression

As in [99], we enforce sparsity using a modified sequential thresholding least-squares algorithm
(MSTLS), included as Algorithm 4.4.2 below, where the “modifications” are two-fold. First, we
incorporate into the thresholding step the magnitude of the overall term ||w;G/l|, as well as the

coefficient magnitude |w;|, by defining non-uniform lower and upper thresholds

bl
L= )\max{l, H }
’ 1G4

[ bl }
U} = mln{l,
7oA 1G]

9Details of the libraries used in examples can be found in Tables 4.A.1-4.A.3 in Appendix 4.A.
0T his is not true in domains with boundaries, where nonlocalities can be seen to impart mean translation [97].

1<j<3, (4.4.5)
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where J = Jg + Jy + J, is the number of columns in G. Second, we perform a grid search!'! over
candidate sparsity parameters A and choose the parameter X that is the smallest minimizer over A

of the cost function

_ et = whll, %l

L)\
N =" aw, 3

(4.4.6)

where w? is the output of the sequential thresholding algorithm with non-uniform thresholds (4.4.5)

and w® = G'b is the least-squares solution'?. The final coefficient vector is then set to W = w.

Algorithm 4.4.2 Modified sequential thresholding with automatic threshold selection
(W, \) = MSTLS(G € R™J b € R”,A € R™, maxits)

1. W =0 e R*m

2. w' = G'b

3: fori=1:mdo

4: A= /\1

5: (=0

6:  while ¢ < maxits do

7 I'={1<j;<3: Lj‘ < \wﬁ] < Uj)‘} (Thresholding step: see equation (4.4.5))
8: witl = arg Ming,pp(w)cze [|GW — b|3

9: (=041

10: end while
11: W)‘ = Wg
122 W.; =w

13: end for
14: A = min (argminycy £(\)) (Identificaiton of best A: see equation (4.4.6))
15: W =w’
We now review some aspects of Algorithm 4.4.2. Results from [158] on the convergence of STLS

carry over for the inner loop of Algorithm 4.4.2, namely if G is full-rank, the inner loop terminates

A is a local minimizer of

in at most J iterations, and if maxits> J, the resulting coefficient vector w
the cost function F(w) = |Gw — b]|3 4+ A2 |lwl|ly- This implies that the full algorithm terminates
in at-most myJ least-squares solves (each on a subset of columns of G).

When considering recovery of the true weight vector w*, Theorem 1 below implies convergence
in particle number N of w to w* when G is full-rank. The rate of convergence depends implicitly
on the condition number of G, hence it is recommended that one build the library L incrementally,
stopping before the conditional number k(G) grows too large. If G is rank deficient, classical
recovery guarantees from compressive sensing do not necessarily apply, due to high correlations be-
tween the columns of G (recall each column is constructed from the same dataset U)!3. One may

employ additional regularization (e.g. Tikhonov regularization as in [117]); however, in general, im-

Note that this is feasible because the STLS algorithm terminates in finitely many iterations.

12The Moore-Penrose inverse Al is defined for a rank-r matrix A using the reduced SVD A = U,.%,. V" as Al =
V. L 'Ur. The subscript r denotes restriction to the first  columns.

13In particular, correlations result in large mutual incoherence, which renders algorithms such as Basis Pursuit,
Orthogonal Matching Pursuit, and Hard Thresholding Pursuit useless (see [52, Chapter 5] for details).
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provements to existing sparse regression algorithms for rank-deficient, noisy, and highly-correlated
matrices is an active area of research.

The bounds (4.4.5) enforce a quasi-dominant balance rule, such that |[w;G;||, is within —log;o())
orders of magnitude from ||b||, and |w;| is within —log;,() orders of magnitude from 1 (the coef-
ficient of time derivative Opu¢). This is specifically designed to handle poorly-scaled data (see the
Burgers and Korteweg-de Vries examples in [99]), however we leave a more thorough examination
of the thresholding requirements necessary for models with multiple scales to future work.

As the sum of two relative errors, minimizers of the cost function £ equally weight the accuracy
and sparsity of w. By choosing X to be the smallest minimizer of £ over A, we identify the
thresholds A € A such that A < A as those resulting in an overfit model. We commonly choose A
to be log-equally spaced (e.g. 50 points from 10~% to 1), and starting from a coarse grid, refine A

until the minimum of £ is stationary.

4.4.2 Computational Complexity
To compute convolutions against VK for each K € Ly, we first evaluate (0., K)i1<i<q at the
grid C — C defined by

C—C::{CEGRd : x:(ilh,...,idh), —nggigﬁng},

where h is the spacing of C and ny, 1 < £ < d, is the number of points in C along the ¢th coordinate.
Computing* 9,,K := 9,, K(C — C) requires 2¢|C| evaluations of K, where |C| = H?Zl ng is the

number of points in C. We then use the d-dimensional FFT to compute the convolutions
0, K+ U =~ 0, K «Us(C), tet

where only entries corresponding to particle interactions within C are retained. For d = 1 this
amounts to O(|C|log|C]|) flops per timestep. For d = 2 and higher dimensions, the d-dimensional
FFT is considerably slower unless one of the arrays is separable. To enforce separability, trial

interaction potentials in Lx can be chosen to be a sum of separable functions,

Q
K(z) =) kiglw1) - kag(za), (4.4.7)
q=1

in which case only a series of one-dimensional FFTs are needed to compute 0., K * U, and again

the cost is O(|C|log|C]|) per timestep. When K is not separable, a low-rank approximation can

HNote that C — C is simply C shifted to lie in the positive orthant {z € R : z,>0, 1<¢< d} and reflected
through each coordinate plane x; = 0. In this way C — C discretizes the set D —D := {z —y € R? : (2,y) € D x D}
containing all observed interparticle distances.
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be computed from 9,,K,
Q

0: K~ ogkig @ DKag (4.4.8)
q=1
which again reduces convolutions to a series of one-dimensional FFTs. For d = 2, this is ac-
complished using the truncated SVD, while for higher dimensions there does not exist a unique
best rank-(@) tensor approximation, although several efficient algorithms are available to compute
a sufficiently accurate decomposition [94, , 66] (and the field of fast tensor decompositions is
advancing rapidly).

We propose to compute convolutions by first computing a low-rank decomposition of 0, K
using the randomized truncated SVD [155] or a suitable randomized tensor decomposition and
then applying the d-dimensional FFT as a series of one-dimensional FFTs. In the examples below
we consider only d = 1 and d = 2, and leave extension to higher dimensions to future work.

Using low-rank approximations, the mean-field approach provides a significant reduction in
computational complexity compared to direct evaluations of particle trajectories when N is suffi-
ciently large. A particle-level computation of the nonlocal force in weak-form requires evaluating

terms of the form

L N N
1 i i j
3 < SN 0u(X) 1) 0. K (X — X7) | At = (8,0, 1V (8. K * 1)) ar-
/=1 i=1 j=1

For a single candidate interaction potential K, a collection of J test functions ¢, and M experiments,
this amounts to MLN? 4+ MLNJ function evaluations in R? and O(M LN?2.J) flops. If we use the
proposed method, employing the convolutional weak form with a separable reference test function
¥ (as in WSINDy for PDEs [99]) and exploiting a rank () approximation of 9, K when computing

convolutions against interaction potential, we instead evaluate
O % (U(0 K % U))

using O(LQ|C|log(|C|)) flops and only 2¢|C| evaluations of 9, K, reused at each of the L time-
points'®. Figure 4.4.1 provides a visualization of the reduction in function evaluations for L = 100
timepoints and M = 10 experiments over a range of N and |C|*/? (points along each spatial dimen-
sion when |C| is a hypercube) in d = 2 and d = 3 spatial dimensions. Table 4.A.4 in Appendix 4.A
lists walltimes for the examples below, showing that with NV = 64,000 particles the full algorithm
implemented in MATLAB runs in under 10 seconds with all computations in serial on a laptop
with an AMD Ryzen 7 pro 4750u processor, and requiring less than 8 Gb of RAM. The dependence
on N is only through the O(N) computation of the histrogram, hence this approach may find

applications in physical coarse-graining (e.g. of molecular dynamics or plasma simulations).

5We neglect the cost of computing the histogram U and evaluating 1(C), together amounting to an additional
O(NML + |C|) flops, as these terms are lower order and reused in each column of G and b.
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Figure 4.4.1: Factor by which the mean-field evaluation of interaction forces using histograms
reduces total function evaluations as a function of particle number N and average gridpoints per
dimension |C|1/ 4 for data with M = 10 experiments each with L = 100 timepoints. For example,
with d = 2 spatial dimensions (left) and N > 2000 particles, the number of function evaluations is
reduced by at least a factor of 10%.

4.4.3 Convergence

We now show that the estimators K , V, and o of the weak-form method converge with a rate
O(h + N~1/2 4 At") when ordinary least squares is used (i.e. A = 0) and only M = 1 experiment
is available. Here n > 0 is the Holder exponent of the sample paths of the process X;. We assume
that D, C, G, P" and the resulting histogram U = (U¢)i<r are as in Section 4.4.1. We make the

following assumptions on the true model and resulting linear system throughout this section.
Assumptions H. Let p > 1 be fixed.

(H.1) For each N > 2, X; = (Xt(l), . ,Xt(N)) is a strong solution to (4.1.1) for ¢ € [0,7], and for
some 77 > 0 the sample paths ¢t — Xt(i) (w) are almost-surely n-Hélder continuous, i.e. for some
Cy >0,

|Xt(i)(w) XD <Oyt —s", YO<s<t<T, Y1<i<N, forae we
(H.2) The initial particle distribution puo satisfies the moment bound
/ |z|Pdpo(x) := M, < oo.
R4

(H.3) VK* and VV* satisfy for some C, > 0 the growth bound:

IVV*(x) = VV*(y)| + |[VK* () = VK*(y)| < Cplz — y|(1 + max{|z|, |y|}p_1), T,y € R,
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(H.4) For the same constant C, > 0, it holds that'®

lo*(z) = o* (W)l < Cplz —y["*(1 + max{lzl, y[}"*71/?), @,y € R?

(H.5) The test functions (¢%)1<k<n C C2(R? x (0,T)) are compactly supported and together with
the library L. are such that G has full column rank with!7 HGTHl < Cg almost surely for

some constant Cg > 0.

(H.6) The true functions K*, V*, and o* are in the span of L.

We will now define some notation and state some technical lemmas with proofs found in Ap-

pendix 4.C. Define the weak-form operator
1
Lo, () = <atq/) — V- VK*xp—Vi-VV* + 5T (V2yo*(0*)T) ,p> , (4.4.9)

where p = (p)i<r is a curve in P,(R?), ¢ is a C? function compactly supported over R? x (0,T),
and (-, -) is an inner product over R% x (0, 7). If p = (yu)¢<T is a weak solution to (4.3.1) and (-, -)
is the L?(R%) inner product then .Z(p, 1, (-,-)) = 0. If instead p = (u}¥ )i<7, then by Itd’s formula
Z(p,, (-,+)) takes the form of an It6 integral, and we have the following:

Lemma 3. Under Assumptions (H.1)-(H.5), there exists a constant C' > 0 independent of N such
that

E [[Z(1" 4, ()] <

Sl

Proof. See Appendix 4.C. O

With the following lemma, we can relate the histogram U to the empirical measure p”¥ through
£ using the inner product (-,-), defined by trapezoidal-rule integration in space and continuous

integration in time.

Lemma 4. Under Assumptions (H.1)-(H.5), for C' independent of N and h, it holds that
E [|$(Uﬂ wa <'7 >h) - "g/ﬂ(:u‘N7w7 <'7 >)|] < Ch.

Proof. See Appendix 4.C. O

To incorporate discrete-time effects, we consider the difference between .2 (U, 4, (-, -);) and
LU, 0, (-, )y ar)s where recall that (-, '>h,At denotes trapezoidal rule integration in space with

meshwidth h and in time with sampling rate At.

“For A € R**? the Frobenius norm is defined ||A||, = /Tr(ATA)
17HGT Hq is the induced matrix g-norm of G.
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Lemma 5. Under Assumptions (H.1)-(H.5), for C independent of N, h, and At, it holds that
E ’g(Ua Y, <’7 >h) - X(U, Y, <’7 ’>h,At)| < C(h + Atn)‘

Proof. See Appendix 4.C. O
The previous estimates directly lead to the following bound on the model coefficients w:

Theorem 1. Assume that Assumptions H hold. Let w be the learned model coefficients and w*
the true model coefficients. For C independent of N, h, and At it holds that

E[lw - w*[|,] < C (h F N2 At") .
Proof. Using that K*, V*, and o* are in the span of L. (H.6), we have that
bi = (0, Uy pnp = LU, Gk, (-5 )ar) + GLW" := Ly + GLw™,
where GT is the kth row of G. From Lemmas 3-5 we have
E ([Lil) < B [LL(U, v, D ae) = LU )|

+E Uj(Uv Yr, <'7 >h) - «Z(MNMM’ <'> >)|] +E [|$(MN7¢I~:, <'a >)H
<’ <h+N*1/2+At’7).

Using that G is full rank, it holds that w = Gb = G'L + w*, hence the result follows from the
uniform bound on ||G1|, (H.5):

E[IW - wll,] SE[IGT L], | < ¢'Cq (h+ N7V2 4 aer).

O O

Under the assumption (H.6), an immediate corollary is

o]

+HV*—X7‘

Mo @) =5 Nl

L2(D-D) L2(D

(4.4.10)
<C (h N2 4 At") ,

This follows from

| -5

J
* ~ . R
po-m < 25 = Wil < (sganme_D)) .

and similarly for V and G. Finally, setting h = N~ for o > 0 will ensure convergence as N — oo



98

and At — 0.

4.4.4 Theory vs. Practice

We now make several remarks about the practical performance of Algorithm 4.4.1 with respect

to the theoretical convergence of Theorem 1.

Remark 3. An important case of Theorem 1 is o* = 0, in which case p}" itself is a weak-measure
solution to the mean-field equation (4.3.1) and the algorithm returns, for n > 2, ||[w —w*|; <
C(h + At"). This partially explains the accuracy observed for purely-extrinsic noise examples in
Figures 4.5.4 and 4.5.8. We note further that in the absence of noise (¢ = 0 and o* = 0, not
included in this work) Algorithm 4.4.1 recovers systems to high accuracy similarly to WSINDy

applied to local dynamical systems [100, 99].

Remark 4. Algorithm 4.4.1 in general implements sparse regression, yet Theorem 1 deals with
ordinary least squares. Since least squares is a common subroutine of many sparse regression
algorithms (inluding the MSTLS algorithm used here), the result is still relevant to sparse regression.
Lastly, the full-rank assumption on G implies that as N — oo sequential thresholding reduces to

least squares.

Remark 5. Theorem 1 assumes data from a single experiment (M = 1), while the examples below
show that M > 1 experiments improves results. For any fixed M > 1, the N — oo limit results in
convergence, however, the N-fixed and M — oo limit does not result in convergence, as this does
not lead to the mean-field equations'®. The examples below show that using M > 1 has a practical
advantage, and in Appendix 4.B we demonstrate that even for small particle systems (N = 10) the

large M regime yields satisfactory results.

Remark 6. Many interesting examples have non-Lipschitz VK, in particular a lack of smoothness
at x = 0. If ¥ does not converge to a singular measure as N — oo, then the bound (4.C.4)
holds for VK with a jump discontinuity at x = 0, where an additional O(h) term arises from
pairwise interactions within an O(h) distance. The examples below are chosen in part to show that

O(N~Y2) convergence holds for VK with jumps at the origin.

4.5 Examples

We now demonstrate the successful identification of several particle systems in one and two
spatial dimensions as well as the O(N~1/2) convergence predicted in Theorem 1. In each case we
use Algorithm 4.4.1 to discover a mean-field equation of the form (4.3.1) from discrete-time particle

data. For each dataset we simulate the associated interacting particle system X; given by (4.1.1)

18Note that the opposite convergence holds for the algorithm introduced in [90]: N-fixed, M — oo results in
recovery of K.



Variable Definition Domain
K pairwise interaction potential L}OC(Rd, R)
Vv local potential C(R%,R)
o diffusivity C(R?,R¥*9)
N number of particles per experiment {2,3,...}
d dimension of latent space N
T final time (0,00)
(Q, B, P, (Ft)e>0) filtered probability space
(Bt@ N, independent R? Brownian motions on
(Q7 Bv P: (}—t)tZO)
Xt(i) ith particle in the particle system (4.1.1) at R?
time ¢
Xt N-particle system (4.1.1) at time ¢ RN
uly empirical measure of X, P(RY)
FN distribution of X; PRV
Xy mean-field process (4.3.2) at time ¢ RY
Lt distribution of X} P(RY)
t L discrete timepoints [0,T]
Xt Collection of M independent samples of X; at RMINd
t
Y Sample of X corrupted with i.i.d. additive RMINE
noise
U, approximate density from particle positions P (R?)
G density kernel mapping " to U, L' (R? x R%,R)
D spatial support of Uy, t € [0, T compact subset of
Rd
C discretization of D
U, discrete approximate density U;(C)
(0 semi-discrete inner product, trapezoidal rule
over C
() AL fully-discrete inner product, trapezoidal rule
over C X t
Lg library of candidate interaction forces
Ly library of candidate local forces
L, library of candidate diffusivities
L (Lg,Ly,Ly)
v set of n test functions (¢r)}_, C%*(R? x (0,7))
Gmp(v; A) test functions used in this work (equation
(4.4.4))
A set of sparsity thresholds
L loss function for sparsity thresholds (equation

(4.4.6))

Table 4.4.1: Notations used throughout.
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using the Euler-Maruyama scheme (initial conditions and timestep are given in each example). We

assess the ability of WSINDy to select the correct model using the true positivity ratio'®

B TP
~ TP 4+ FN + FP

TPR(w) (4.5.1)
where TP is the number of correctly identified nonzero coefficients, FN is the number of coefficients
falsely identified as zero, and FP is the number of coefficients falsely identified as nonzero [30].
To demonstrate the O(N~1/2) convergence given by (4.4.10), for correctly identified models (i.e.
TPR(W) = 1) we compute the relative fo-error of the recovered interaction force VK, local force
VV, and diffusivity & over C — C and C, respectively, denoting this by ||| in the plots below.
Results are averaged over 100 trials.

For the computational grid C we first compute the sample standard deviation s of Y and we
choose D to be the rectangular grid extending 3s from the mean of Y in each spatial dimension.
We then set C to have 128 points in x and y for d = 2 dimensions, and 256 points in x for d = 1,
noting that these numbers are fairly arbitrary, and used to show that the grid need not be too
large. We set the sparsity factors so that log;,(A) contains 100 equally spaced points from —4 to 0.
More information on the specifications of each example can be found in Appendix 4.A. (MATLAB
code used to generate examples is available at https://github.com/MathBioCU/WSINDy_IPS.)

4.5.1 Two-Dimensional Local Model and Homogenization

The first system we examine is a local model (K*(x,y) = 0) defined by the local potential

V*(z,y) = —x — y and diffusivity o*(z,y) = /2 (1 + 0.95 cos(wz) cos(wy))I2, where I, is the
120

identity in R2. This results in a constant advection, variable diffusivity mean-field mode
Oty = —Op iy — Oypty + A (1 4 0.95 cos(wx) cos(wy)) pue] - (4.5.2)

The purpose of this example is three-fold. First, we are interested in the ability of Algorithm 4.4.1
to correctly identify a local model from a library containing both local and nonlocal terms. Next,
we evaluate whether the O(N -1/ 2) convergence is realized. Lastly, we investigate whether for large

w the weak-form identifies the associated homogenized equation (derived in Appendix 4.A.1)
Opit = —Ozpir — Oyt + WAL, (4.5.3)

where @ is given by the harmonic mean of diffusivity:

W= </D 1+ 0.95iig(y$) cos(y) ) : '

9For example, identification of the true model (supp (W) = supp (w*)) results in a TPR(W) = 1, while identification
of only half of the correct nonzero terms and no additional falsely identified terms results in TPR(w) = 0.5.

29Gince the model is local, (4.5.2) is the Fokker-Planck equation for the distribution of each particle, rather than
only in the limit of infinite particles.
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Figure 4.5.1: Snapshots at time ¢t = 2At = 0.06 (left) and t = 100At = 2 (right) of histograms
computed with 128 bins in z and y from 16,384 particles evolving under (4.5.2) with w = 1 (top)
and w = 20 (bottom).

For w € {1,20} we evolve the particles from an initial Gaussian distribution with mean zero and
covariance Is and record particle positions for 100 timesteps with A¢ = 0.02 (subsampled from a
simulation with timestep 10™*). We use a rectangular domain D of approximate sidelength 10 and
compute histograms with 128 bins in z and y for a spatial resolution of Az ~ 0.078 (see Figure 4.5.1
for solution snapshots), over which @ = 0.62. For w = 1 we compare recovered equations with the
full model (4.5.2), while for w = 20 we compare with (4.5.3), for comparison computing @ over each
domain D using MATLAB’s integral2. Figure 4.5.2 shows that as the particle number increases,
we do in fact recover the desired equations, with TPR(w) approaching one as N increases. For
w = 1 we observe O(N~1/2) convergence of the local potential V and the diffusivity 5. For w = 20,
we observe approximate O(N~1/2) convergence of V, and & converging to within 2% of /2w, the
homogenized diffusivity (higher accuracy can hardly be expected for w = 20 since (4.5.3) is itself

an approximation in the limit of infinite w).
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Figure 4.5.2: Convergence of & (left) and VV (middle), recall ||-|| denotes the £5 norm, for (4.5.2)
with w € {1,20}, as well as TPR(W) (right). For w = 1, results are compared to the exact model
(4.5.2), while for w = 20 results are compared to the homogenized equation (4.5.3).

Figure 4.5.3: Histograms computed with 256 bins width A = 0.0234 from 8000 particles in 1D
evolving under K* = Kqanr(z) (4.5.4). Top left to top right: o*(z) = 0, o*(z) = +/2(0.1),
o*(x) = /2(0.1)|z —2|. Bottom: deterministic particles with i.i.d. Gaussian noise added to particle
positions with resulting noise ratios (left to right) e = 0.0316,0.1, 0.316.
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4.5.2 One-Dimensional Nonlocal Model

We simulate the evolution of particle systems under the quadratic attraction / Newtonian
repulsion potential

1
Kqanr(z) = 5332 — || (4.5.4)

with no external potential (V' = 0). The —|z| portion of Kqanr , leading to a discontinuity in
VK, is the one-dimensional free-space Green’s function for —A. For d > 1, when replaced by
the corresponding Green’s function in d dimensions, the distribution of particles evolves under
Kqanr into the characteristic of the unit ball in R?, which has implications for design and control
of autonomous systems [19]. We compare three diffusivity profiles, o(x) = 0 corresponding to
zero intrinsic noise, o(x) = 1/2(0.1) leading to constant-diffusivity intrinsic noise, and o(x) =
v/2(0.1)|z —2| leading to variable-diffusivity intrinsic noise. With zero intrinsic noise (o(x) = 0), we
examine the effect of extrinsic noise on recovery, and assume uncertainty in the particle positions
due to measurement noise at each timestep, Y = X + ¢, for ¢ ~ N(0,€? || X¢|[ryg) 1-i.d. and
e € {0.01,0.0316,0.1,0.316}. In this way e is the noise ratio, such that ||¢|| / | X||z ~ € (computed
with e and X stretched into column vectors).

Measurement data consists of 100 timesteps at resolution At = 0.01, coarsened from simulations
with timestep 0.001. Initial particle positions are drawn from a mixture of three Gaussians each
with standard deviation 0.005. Histograms are constructed with 256 bins of width h = 0.0234.
Typical histograms for each noise level are shown in Figure 4.5.3 computed one experiment with
N = 8000 particles.

For the case of extrinsic noise (Figure 4.5.4), we use only one experiment (M = 1) and examine
the number of particles NV and the noise ratio e. We find that recovery is accurate and reliable
for € < 0.1, yielding correct identification of Kqanr with less than 1% relative error in at least
98/100 trials. Increasing N from 500 to 8000 leads to minor improvements in accuracy for e <
0.1, but otherwise has little effect, implying that for low to moderate noise levels the mean-field
equations are readily identifiable even from smaller particle systems. For ¢ = 10~%/2 ~ 0.3162 (see
Figure 4.5.3 (bottom right) for an example histogram), we observe a decrease in TPR(w) (Figure
4.5.4 middle panel) resulting from the generic identification of a linear diffusion term v0y,u with
v =~ 0.05. Using that v2v ~ \/W = ¢, we can identify this as the best-fit intrinsic noise
model. Furthermore, increases in N lead to reliable identification of the drift term, as measured
by TPR(Wgrift) (rightmost panel Figure 4.5.4) which is the restriction of TPR to drift terms Lg
and Ly .

For constant diffusivity o(z) = /2(0.1) (Figure 4.5.5), the full model is recovered with less than
3% errors in K and & in at least 98 /100 trials when the total particle count NM is at least 8000,
and yields errors less than 1% for NM > 16,000. The error trends for K and & in this case both
strongly agree with the predicted O(N~1/2) rate. For non-constant diffusivity o (z) = 1/2(0.1)|z—2|
(Figure 4.5.6), we also observe robust recovery (TPR(w) > 0.95) for NM > 8000 with error trends
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Figure 4.5.4: Recovery of (4.3.1) in one spatial dimension for K* = Kqanr and ¢* = 0 under
different levels of observational noise €. Left: relative error in learned interaction kernel K. Middle:
true positivity ratio for full model (4.3.1). Right: true positivity ratio for drift term.
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Figure 4.5.5: Recovery of (4.3.1) in one spatial dimension for K* = Kqang and o* = /2(0.1)

close to O(N~1/2), although the accuracy in K and 6 is diminished due to the strong order At!/2

convergence of Euler-Maruyama applied to diffusivities o that are unbounded in z [103].

4.5.3 Two-Dimensional Nonlocal Model

We now discuss an example of singular interaction in two spatial dimensions using the logarith-

mic potential )
K(z) = — log |z| (4.5.5)
27

with constant diffusivity o(z) = o € {0, \/%} This example corresponds to the parabolic-elliptic
Keller-Segel model of chemotaxis, where o, := \/% is the critical diffusivity such that ¢ > o,
leads diffusion-dominated spreading of particles throughout the domain (vanishing particle density
at every point in R?) and o < o, leads to aggregation-dominated concentration of the particle
density to the dirac-delta located at the center of mass of the initial particle density [39, 28].

For 0 = 0 we examine the affect of additive i.i.d. measurement noise ¢ ~ N/(0, €2 ||Xt||121MS) for

e € {0.01,0.0316,0.1,0.316, 1}
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Figure 4.5.6: Recovery of (4.3.1) in one spatial dimension for K* = Kqanr and 0* = /2(0.1)|z—2|

0.5

Figure 4.5.7: Histograms created from 4000 particles evolving under logarithmic attraction (equa-
tion (4.5.5)) with varying noise levels at times (left to right) ¢t = 4, ¢ = 8, and t = 12. Top:
€ = 0.316, 0 = 0 (extrinsic only). Bottom: € = 0, o = (47)~'/2 ~ 0.28 (intrinsic only).
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Figure 4.5.8: Recovery of (4.3.1) in two spatial dimensions with K* given by (4.5.5) from deter-
ministic particles (¢* = 0) with extrinsic noise e.

We simulate the particle system with a cutoff potential

1 |z|
— |log(6) —1+—), |z|]<0
Ks(a) = 2”< ° 5> (4.5.6)

1
—1 >4
5 og |/, x| >

with § = 0.01, so that K is Lipschitz and VK has a jump discontinuity at the origin. Initial
particle positions are uniformly distributed on a disk of radius 2 and the particle position data
consists of 81 timepoints recorded at a resolution At = 0.1, coarsened from 0.0025. Histograms are
created with 128 x 128 bins in = and y of sidelength h = 0.0469 (see Figure 4.5.7 for histogram
snapshots over time). We examine M = 2°,...,25 experiments with N = 2000 or N = 4000
particles.

In Figure 4.5.8 we observe a similar trend in the ¢ = 0 case as in the 1D nonlocal example,
namely that recovery for ¢ < 0.1 is robust with low errors in K (on the order of 0.0032), only
in this case the full model is robustly recovered up to ¢ = 0.316. At ¢ = 1, with N = 4000 the
method frequently identifies a diffusion term vAu with v ~ 0.5 = €2/2, and for N = 2000 the
method occasionally identifies the backwards diffusion equation Oipy = —alApue, o > 0. This is
easily prevented by enforcing positivity of o, however we leave this and other constraints as an
extension for future work.

With diffusivity o = \/%, we obtain TPR(w) approximately greater than 0.95 for NM > 16, 000
(Figure 4.5.9, right), with an error trend in K following an O(N~1/2) rate, and a trend in & of
roughly O(N -2/ 3). Since convergence in M for any fixed N is not covered by the theorem above,
this shows that combining multiple experiments may yield similar accuracy trends for moderately-

sized particle systems.
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4.6 Discussion

We have developed a weak-form method for sparse identification of governing equations for
interacting particle systems using the formalism of mean-field equations. In particular, we have
investigating two lines of inquiry, (1) is the mean-field setting applicable for inference from medium-
size batches of particles? And (2) can a low-cost, low-regularity density approximation such as a
histogram be used to enforce weak-form agreement with the mean-field PDE? We have demon-
strated on several examples that the answer is yes to both questions, despite the fact that the
mean-field equations are only valid in the limit of infinitely many particles (N — oo). This frame-
work is suitable for systems of several thousand particles in one and two spatial dimensions, and we
have proved convergence in N for the associated least-squares problem using simple histograms as
approximate particle densities. In addition, the sparse regression approach allows one to identify
the full system, including interaction potential K, local potential V', and diffusivity o.

It was initially unclear whether the mean-field setting could be utilized in weak form for finite
particle batches, hence this can be seen as a proof of concept for particle systems with N in the
range 103 —10°. With convergence in N and low computational complexity, our weak-form approach
is well-suited as is for much larger particle systems. In the opposite regime, for small fixed IV, the
authors of [90] show that their maximum likelihood-based method converges as M — oo (i.e. in
the limit of infinite experiments). While the same convergence does not hold for our weak-form
method, the results in Section 4.5 suggest that in practice, combining M independent experiments
each with N particles improves results. Furthermore, we include evidence in Appendix 4.B that
even for small N, our method correctly identifies the mean-field model when M is large enough,
with performance similar to that in [90]. We leave a full investigation of the interplay between M
and N to future work.

In the operable regime of N > 103, there is potential for improvements and extensions in many
directions. On the subject of density estimation, histograms are highly efficient, yet they lead to
piecewise-constant approximations of p; and hence O(h) errors. Choosing a density kernel G to

achieve high-accuracy quadrature without sacrificing the O(N) runtime of histogram computation
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seems prudent, although one must be cautious about making assumptions on the smoothness of
mean-field distribution p;. For instance, in the 1D nonlocal example 4.5.2, discontinuities develop
in p for the case 0 = 0, hence a histogram approximation is more appropriate than using e.g. a
Gaussian kernel.

The computational grid C, quadrature method (-, -) AL and reference test function 1) may also
be optimized further or adapted to specific problems. The approach chosen here of C equally-spaced
and separable piecewise-polynomial v, along with intergration using the trapezoidal quadrature,
has several advantages, including high accuracy and fast computation using convolutions. However,
this may need adjustment for higher dimensions. It might be advantageous to adapt C to the data
Y, however this may prevent one from evaluating (G, b) using the FFT if a non-uniform grid results,
hence increases the overall computational complexity. One could also use multiple reference test
functions 1. The possibilities of varying the test functions (within the smoothness requirements of
the library L) has been largely unexplored in weak-form identification methods.

Several theoretical questions remain unanswered, namely model recovery statistics for finite N.
As a consequence of Theorem 1, as well as convergence results on sequential thresholding [158], we
have that G being full-rank and L. containing the true model is sufficient to guarantee convergence
W — w* as N — oo at the rate O(N~'/2). Noise, whether extrinsic or intrinsic, for finite N
may result in identification of an incorrect model when G is poorly-conditioned. The effect is
more severe if the true model has a small coefficient, which requires a small threshold A, which
correspondingly may lead to a non-sparse solution. These are sensitivities of any sparse regression
algorithm (see e.g. [24]) and accounting for the effect of noise and poor conditioning is an active
area of research in equation discovery.

We also note that several researchers have focused on the uniqueness in kernel identifiability
[31, 84]. This issue does not directly apply to our scenario?! of identifying the triple (K,V, o).
Moreover, in the cases we considered, we do not see any identifiability issues (e.g. rank deficiency)
even in the high noise case with low particle number. Quantifying the transition to identifiability
as N — oo as a function of the condition number x(G) is an important subject for future work.

For extensions, the example system (4.5.2) and resulting homogenization motivates further
study of effective equations for systems with complex microstructure. In other fields this is described
as coarse-graining. A related line of study is inference of 2nd-order particle systems, as explored
in [131], which often lead to an infinite hierachy of mean-field equations. Our weak-form approach
may provide a principled method for truncated and closing such hierarchies using particle data.
Another extension is to enforce convex constraints in the regression problem, such as lower bounds
on diffusivity, or K with long-range attraction depending on the distribution p,, € P([0,00)) of
pairwise distances (see [90] for further use of p,,). Finally, the framework we’ve introduced can
easily be used to find nonlocal models from continuous solution data (e.g. given U instead of Y),

whereby questions of nonlocal representations of models can be investigated.

21E.g. due to multiple representations of the drift combining both nonlocal and local terms - see Section 4.4.1
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Lastly, we note that MATLAB code is available at https://github.com/MathBioCU/WSINDy_
IPS.
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Appendix

4.A Specifications for Examples
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In Tables 4.A.1 - 4.A.4 we include hyperparameter specifications and resulting attributes of

Algorithm 4.4.1 applied to the three examples in Section 4.5. In particular, we report the typical

walltime in Table 4.A.4, showing that on each example Algorithm 4.4.1 learns the mean-field

equation from a dataset with ~ 64,000 particles in under 10 seconds.

4.A.1 Derivation of homogenized equation (4.5.3)

We briefly provide a derivation of the homogenized equation (4.5.3) in the static case.

Let

Q € R? be an open bounded domain with smooth boundary and T¢ be the d-dimensional torus.

Let a(x,y) : Q x T? — R be continuous and uniformly bounded below,

a(z,y) > a >0, (z,y)ecQxT

Then for any f € L?(2), the equation

—A (a(z,z/e)u(z)) = f(x), ug‘ag =0

has a unique weak solution u¢ € L%(Q) given by

ey (GF)(x)
ut(w) = a(z,z/e)’

Mean-field Term

Trial Function Library

V- (UVK = U)

V- (UV|z|™*U), me{1,2,3,4,5,6,7}

V- (UVV)

Oy, (U cos(may) cos(nze)), (m,n) € {0,1,2,3,4,5}, i € {1,2}

7

?(UooT 9*(Uaa™)ij
2 Z i,0=1 d;z’l(?ac]

A(U cos(mxy) cos(nza)), (m,n) € {0,1,2,3,4,5}

Table 4.A.1: Trial function library for local 2D example (Section 4.5.1).
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Mean-field Term Trial Function Library

V- (UVK % U) Op - (UOg|z|™xU), m € {1,2,3,4,5,6,7}
V- (UVV) Oz (Ux™), m € {0,2,3,4,5,6,7,8}
Lyt B | 9, (Ua™), me {0,1,2,3,4,5,6,7,8}

Table 4.A.2: Trial function library for nonlocal 1D example (Section 4.5.2).

Mean-field Term Trial Function Library
V- OV *U) m e {2,3,4,5,6
V- (UV [j2]'?] +U)

V. (UVK *U) 5
V- (UV [|z|(log |z| — 1)]5 + U)
V- (UV [log |z|]5+ U)

V- (UVYV) Og, (U xly) 0<m+n<5,ie{l,2}

2 oo
5 Z i1 9 giax]) A(U cos(may) cos(nxs)), (m,n) € {0,1,2}

Table 4.A.3: Trial function library for nonlocal 2D example (Section 4.5.3). Interaction potentials
[ K |5 indicate cutoff potentials of the form (4.5.6) with § = 0.01 such that the resulting potential
is Lipschitz.

Example (mg,my) | (D, pt) | (Su,St) size(U) (h, At)
Local 2D (31,16) (5,3) | (10,5) | 128 x 128 x 101 | (0.078,0.02)
Nonlocal 1D | (29.8) | (5,3) | (5,1) 256 x 101 | (0.023,0.01)
Nonlocal 2D | (25,8) | (5,3) | (8,1) | 128x 128 x 8L | (0.047,0.1)
Example lw*|ly | size(G) I1GTl, ko(G) | Walltime

Local 2D {4,3} | 686 x85 |2.0x 103 | 3.0 x 107 9.2s
Nonlocal 1D | {2,3,5} | 3400 x 24 | 1.3 x 10° | 8.7 x 108 0.7s
Nonlocal 2D | {1,2} | 6500 x 59 | 1.1 x 10* | 6.4 x 10° 8.5s

Table 4.A.4: Discretization parameters and general information for examples. The number of
nonzeros in the true weight vector ||[w*||, is given for each parameter set examined. Namely, for
the local 2D example, w = 1 results in a 4-term model, while the homogenized case w = 20 results
in a three-term model. For the nonlocal 1D example, o € {0,/2(0.1),/2(0.1)|z — 2|} result in
2-term, 3-term, and 5-term models, respectively, and for the nonlocal 2D example o € {0, (47)~'}
results in 1-term and 2-term models. The norm |» condition number #2(G) and walltime are
listed for representative samples with 64,000 total particles.
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where G is the Green’s function for (—A)~! with homogenenous Dirichlet boundary conditions on
99Q. By the coercivity of a we have that [[ufl| 2 is uniformly bounded in e. By the lemma in
[147, Section 2.4], up to a subsequence {¢;}en, there exists a function u(z, y) periodic in its second

variable such that for any continuous function ¢(z,x/¢€), we have

lim [ u(x)p(x,z/e)dx = // u(z,y)o(x,y)dyde.

e—0

Setting ¢(z,y) = ¢(z), we see that on the same subsequence, u¢ = [u(z,y)dy. Applying the same

lemma to the constant series u¢ = 1 and letting ¢(x, z/¢) = ¢(x)a'(z,x/€), we see that (up to

aaf)~ [ s

~1
Letting a*(x) := < i dy ) and putting together the previous limits, we see that

possibly a second subsequence),

a(z,y)
dy (Gf)(x)
u(x) = u(x) = [ u(z,y)dy = Gf:c/ = — ,
(@) = @) = [utwa)y = (@)@ [ s =
and hence u* solves the homogenized equation
A(a*u™) = f.
4.B Recovery for small N and large M
The related maximum-likelihood approach [90] is shown to be suitable for small N and large

M, hence a natural line of inquiry is the performance of Algorithm 4.4.1 in this regime. Theorem

1 does not apply to this regime, and in fact convergence of the algorithm is not expected: letting
t = ZM U, (m):N where U, (m):N s the approximate density constructed from experiment m

with IV particles, we have the weak-measure convergence UMN — pgl)’N as M — oo, where pgl)’N

is the 1-particle marginal of the distribution of X; in RV?. Unlike the mean-field distribution u,
(1),N

Py is not a weak solution to the mean-field Fokker-Planck equation (4.3.1), instead we have

N-1
o ==V | VK ) )y + V- (VYA M)+ 5 LS B (o0,

3,j=1

holding weakly, which depends on the 2-particle marginal p§2)’N [

nonlocal example in Section 4.5.2 with ¢ = 1/2(0.1) =~ 0.45, we observe in Figure 4.B.1 (right panel)
that our weak-form algorithm correctly identifies the model in > 96% of trials with just N = 10

|. Nevertheless, using the 1D

particles per experiment when M € [2'°,21%], and that error in K (left panel) follows a O(M~1/2)
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Figure 4.B.1: Recovery of (4.3.1) in one spatial dimension for K* = Kqangr and o = /2(0.1)

with only N = 10 particles per experiment.

trend. At M = 4096 ~ 1036! experiments the error?? in K is less than 1% and the runtime is
approximately 0.9s. The lack of convergence in M is reflected in the diffusivity (middle panel of
Figure 4.B.1), where the error appears to plateau at around 1.7% for h ~ 0.0468 and at 3.5%
for h ~ 0.0234. The lower resolution (larger binwidth h) appears to yield slightly better results,
possibly indicating that larger h produces a coarse-graining effect such that p@V ~ pM-N g p1)-N

over larger distances, although this effect deserves more thorough study in future work.

4.C Technical Lemmas

We now prove Lemmas 3-5 under Assumption H. First, some consequences of Assumption H.
(I) The n-Holder continuity of sample paths (H.1) implies that for each ¢ € [0, 77,
Ly < 225~y 0
N — — VP « 2 Yp D4P7)
Ll = 5 SIXOp < S IXEP + e

i=1 =1

Together with the pth moment bound on g (H.2), this implies

E

sup/ |x]pduiV] <2P(M, + C,TP7), (4.C.1)
t<T JR4

independent of N.
(IT) The growth bounds on VK*, VV* and ¢* (H.3)-(H.4) imply that for some C' > 0,

[VE*(@)| +VV*(@)] + [0 (2) (0" (2)) || p < CA + |z, (4.C.2)

where ||-|| » is the Frobenius norm.

22For comparison, in [90] Fig. 4 the error in recovering K using the maximum-likelihood approach on an opinion
dynamics example for M = 10*>%, N = 10, and ¢ = 0.5 is approximately 100 x 107'*% = 6.3%.
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Proof of Lemma 3. Applying Ito’s formula to the process 3 ZZ LU(X ),t), we get that

LGN (- /w x® 170" (xP)aB?.

Note that each integral on the right-hand side is a local martingale, since (4.C.2) and (H.5) ensures
boundedness of Vi) (x,t)To*(2) over any compact set in R?, hence has mean zero. By independence
of the Brownian motions Bt(i), exchangeability of Xt(i), the moment bound (4.C.1), and the growth

bounds on o (H.4), the It6 isometry gives us

B L2 0P = 5 [ By o [[V000 070 (0[] a

_ T *

‘Jvéﬂﬂ/‘vth 2)[* dpl ﬂﬁ
C/

< Sive [ e[t [ b @] a

<CN~!

where C' depends on M, Cp, T, and 1. The result follows from Jensen’s inequality?. O

Proof of Lemma 4. Using the notation f€ from Lemma 2 to denote piecewise constant approxima-

tion of a function f over the domain D using the grid C, we have

LU )) = LW 0,000 = = (Ve (VK ™)) = (Tur- VK« i, i) )

+ (0 = 0p, uN) — (Vo - VV)C = Vep - YV, V)
+ % <Tr (V2¢J*(J*)T)C —Tr (V2¢0*(0*)T) ,#N>

= Linteract + Elinear-

The right-hand side includes an interaction error Fipteract followed by a sum FEjipear of terms that
are linear in the difference between a locally Lipschitz function and its piecewise constant approxi-
mation. Hence, we can bound Fjjpe,, using smoothness of ¢ (H.5), the moment assumptions on ,uiv
(H.2), and the growth assumptions on V' and o (H.3)-(H.4). Specifically, for z € By, with center
ci, the growth assumptions imply

Vle) - YV (&) — Vibler) - VV*(ei)] < Ch(([Vel, o0 + Lin(V))(1 +[]?))

T (V)™ (1) (0" (2)T) = Tr (V20(er)o* (@) (0" (e))) | < Ch (V2] o+ Lin(T2))(1 + [27))

23Hf|\p’q for vector-valued functions f : R* — R? denotes the L? norm over z of the 2 norm of f(z). Also recall
that pgl) is the Xtm—marginal of the process X; € R,



115

for C and C’ depending on p, d, and C), hence
T
B < € sup Lip(@0) (T4 [ [ JaPdua) v (1.03)
o] <2 0 JRd
Similarly, for the interaction error we use that for x € By, and y € B; with centers ¢ and c;, we
have
IV (ck) - VE (e — ¢j) = Vip(x) - VK™ (z — )| < [Vip(cp)| [VE™ (e — ¢;) — VK™ (2 — y)|
+[Vip(er) = V()| [VE*(z — y)
< C"h (9]l + Lin(VD) ) (14 |2 = ")

with C" also depending on p, d, and C),. From this we have

T
| Binteract| < C"" <T +/0 /Rd /Rd |z — y|pduév(y)duiv(a:)dt> h. (4.C.4)

The result follows from taking expectation and using the moment bound (4.C.1), where the final
constant C' depends on p, d, C), M, T, n, and 1.
O

Proof of Lemma 5. Again rewriting the spatial trapezoidal-rule integration in the form [p, ©C(z)du,

we see that

g(Ua ¥, <'7 >h) - g(Uv ¥, <'7 '>h,At) (405)
reduces to four terms of the form
N T L
1 i At ; :
Ap) =~ ( /0 PCxar - 537 (€ + soC(Xé;)))) ,
i=1 =1
for ¢ € {0, Vo - VV*, Tr(V3po*(c*)T), Vi - VK* % MI{V} Similarly to the bounds derived for

lo(x) — ¢C(z)| in Lemma 4, the growth bounds on V*, K* and ¢* imply in general that

lp(z) — e(y)| < Clz —y| (1 + max{[z[, [y[}*) .

Rewriting the summands in A(yp),

r i At & i i
| e =530 (s )+ 0xi))
/=1

Lot et i i e (g —t i i
=5 [ (55 e - oo e [ (M) (0 - ey,
te to
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and using

|09 (2) =S ()] < l(x) —pler) | +lp(x) — W) +le(y) —p(e)| < C(2h+ |z —y|)(1+max{|z], [y]})

where x € By, and y € By, we see that for Iy,

=t ey e x®
[ () o) = o) e

tot1 t_tg . ) i i
é/t ( At >C(Qh_HXt()_Xt(lJ)rlD(l+max{|Xt()|v|Xt(eil|}p)dt
4

o[ (et C'(2h + |ty — N1 XD xD yeyar
< A (20 + [tegr — )1 + max{| X, 7|, [ X, [}7)dt.
te

Taking expectation on both sides and using the moment bound (4.C.1), we get

?|

We get the same bound for Is. Summing over ¢, and taking the average in i, we then get

At tota

/:Hl <t - tg) (XD - pC(x® ))dtH < C (Ath+ At

EfA(@)]] < C(h+ At"),

which implies the desired bound on the difference (4.C.5). O
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Chapter 5

Online WSINDy

Abstract

This chapter presents an online algorithm for identification of partial differential equations (PDEs)
based on the weak-form sparse identification of nonlinear dynamics algorithm (WSINDy). The al-
gorithm is online in a sense that if performs the identification task by processing solution snapshots
that arrive sequentially. The core of the method combines a weak-form discretization of candidate
PDEs with an online proximal gradient descent approach to the sparse regression problem. In par-
ticular, we do not regularize the fp-pseudo-norm, instead finding that directly applying its proximal
operator (which corresponds to a hard thresholding) leads to efficient online system identification
from noisy data. We demonstrate the success of the method on the Kuramoto-Sivashinsky equa-
tion, the nonlinear wave equation with time-varying wavespeed, and the linear wave equation, in
one, two, and three spatial dimensions, respectively. In particular, our examples show that the
method is capable of identifying and tracking systems with coefficients that vary abruptly in time,

and offers a streaming alternative to problems in higher dimensions.
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5.1 Context and Motivations

System identification (SID) and parameter estimation of dynamical systems are ubiquitous
tasks in scientific research and engineering, and are required steps in many control frameworks. A
typical strategy is to solve a regression problem based on sample trajectories from the underlying
system, with few samples available in practice. Identification of dynamical systems is a classical
field of research [30]; recently, several works provided new theoretical insights on the efficacy of
classical first-order optimization methods in solving SID problems based on single trajectories (see,
e.g., [44, 51, , | and references therein). Existing results in this context are heavily focused
on discrete-time, finite-dimensional systems of known functional form, yet the focus on single-
trajectory data paves the way for identification of more complex dynamical systems in the online
setting, which is the subject of the current chapter.

By suitably discretizing candidate dynamical systems using data and employing sparse regres-
sion, SID and parameter estimation can be accomplished simultaneously. A notable development
in this pursuit is the sparse identification of nonlinear dynamics (SINDy) algorithm ([23]), a general
framework for discovering dynamical systems using sparse regression. Since the inception of SINDy
in the context of autonomous ordinary differential equations (ODEs), sparse recovery algorithms
have been developed for autonomous partial differential equations (PDEs) ([117, ]), stochastic
differential equations (SDEs) ([20]), non-autonomous systems ([1 16]), and coarse-grained equations
([6]), to name a few. Outside of sparse regression approaches, deep learning has also been successful
in identifying PDEs from data [39, 88, ) .

A significant challenge in using SINDy to solve real-world problems is the computation of
derivatives from noisy data. This was initially addressed in the context of ODEs in [121], by simply
integrating candidate ODEs. Within the last few years, the consensus has emerged that weak-form
SINDy (WSINDy, see [99, , 98]), where integration against test functions replaces numerical
differentiation, is a powerful method that is significantly more robust to noisy data, particularly in
the context of PDEs. Furthermore, WSINDy’s efficient convolutional formulation makes it a viable
method for identifying PDEs under the constraints of limited memory capacity and computing
power that exist in the online setting?.

The development of online algorithms is a relatively recent pursuit ([162, 60]), yet much progress
has been made in applications to finance ([01]), data processing ([38]), and predictive control ([77])
(see [37, 64] for a recent surveys). In the context of sparse regression, several works have addressed
online /;-minimization and other methods of regularizing the fy pseudo-norm, although not in
the context of learning dynamical systems ([153, , 67, , 78, , ). To the best of our
knowledge, neither SINDy nor WSINDy have been merged with an online learning algorithm for
PDEs?.

!The method developed here could also be adapted to the standard SINDy algorithm, however we choose to focus
on the weak form for its demonstrated abilities to handle noisy data with low computational overhead.
2There has, however, been work related to leveraging the equation learning ability of SINDy with Model Predictive
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A successful approach for identifying PDEs and tracking parameters “on the fly” using multi-
dimensional snapshots of data arriving sequentially over time would greatly benefit many areas of
science and engineering. Possible paradigms in this online setting include identifying time-varying
coefficients, SID in higher dimensions (where memory constraints require data to be streamed even
for offline problems), and detecting changes in the dominant balance physics of the system, as
terms become active or inactive dynamically. In this way, online sparse equation discovery has the
potential to open doors to new application areas, and even improve performance of existing batch
methods.

We confront some of these challenges in this work by considering spatiotemporal dynamical sys-
tems and incoming data snapshots at every timestep. In the spirit of classical online algorithms, we
develop an online WSINDy framework to this setting of streaming data with memory constraints
by replacing full-data availability and batch optimization capabilities with data bursts and light-
weight proximal gradient descent iterations to approximately solve the sparse regression problem.
At each iteration we process only the incoming snapshot in time, and we do not assume the ability
to compute least-squares projections apart from the initial guess. We focus on three prototyp-
ical systems, (1) the Kuramoto-Sivashinsky (KS) equation, which exhibits spatiotemporal chaos
and thus has time-fluctuating Fourier content, (2) the nonlinear wave equation in a time-variable
medium in two spatial dimensions, and (3) the linear wave equation in three spatial dimensions, a

preliminary example of a system in higher dimensions.

5.1.1 Notation

Vector-valued objects will be bold and lower-case, x € R? for d > 1, while multi-dimensional
arrays will be bold and upper-case, X € R™"**"d for n;, € N, 1 <4 < d. To disambiguate between
iteration and exponentiation, we refer to the gth element in a list of multi-dimensional arrays using
superscripts in parentheses (e.g. x(@ or X(‘J)), whereas raising to the power ¢ (where applicable)
is simply denoted X9. Reference to an element within a multi-dimensional array is given as a
subscript (e.g. x; or X, ;,). For a matrix G € C™*", we denote by Gg the restriction of G to
the columns in S C {1,...,n}. By some abuse of notation, G5 = (Gg)”. Similary, for a vector
w € C", we let wg € RISl be the restriction of w to the entries in S, where |S| denotes the number
of elements of S. The complement of S within {1,...,n} is denoted S¢. All scalar-valued objects
will be in lower-case, with iteration, set membership, etc. denoted by subscripts (i.e. u, is the gth

element in the list {u1, ..., ug—1,Uq, Ugt1,--- })-

Control ([68]).



121

5.2 Problem Formulation

We consider PDEs of the form

1,J ,
D u(x,t) = Y wii_y) (0D fi(u(x,1), %), (x,1) € 2 x [0,00), (5.2.1)
ij=1

where Q C R? is a bounded open set. The operators D> for 1 < i < I represent any linear

differential operator in the variables (x,t) € R4T! where al) = (ozgi)7 . ,afﬁrl

such that

) is a multi-index

TSI

)
D* v =

ox . oxd opih
In this work we consider left-hand side operators D™ to be either O¢ or Oy, which are given in
two spatial dimensions (d = 2) by the multi-indices a(®) = (0,0,1) and a(®) = (0,0, 2), respectively.
The functions f; : R x R? — R, 1 < j < J, include all possible nonlinearities present in the model,
and together with the linear operators Dot comprise the feature library © := {Dam fj}fj‘]:1 The
weight vector w*(¢) € R’/ is assumed to be sparse in © at each time ¢, and is allowed to vary in .
We assume that at each time ¢ = kAt for k € N and fixed timestep At we are given a solution

snapshot U®) € RM*Xn4 of the form
U® = (X, t) +¢ (5.2.2)

where u solves (5.2.1) for some weight vector w* and X € R™**"d ig a fixed known spatial grid
of points in  having n; points in the ith dimension and equal spacing Az in each dimension.

Here € represents i.i.d. mean-zero noise with fixed finite variance o2

associated with sampling the
underlying solution u(x,t) at any point x € Q. We write U = (U U®Y  Uka) ) to
denote the entire dataset in time. The problem is stated as follows.

Problem: Assume that a total of Kem snapshots {U(t*(Kmemfl)At), el U(t)} can be stored in

memory at each time ¢ and that at time ¢ + At a new snapshot UT2Y arrives, replacing the
oldest snapshot in memory. Given the sampling model (5.2.2) for unknown o2, unknown ground

truth PDE (5.2.1), and fixed library © := {D‘J‘(i) fj}f’]‘lzl, solve for coefficients w(*) such that

SUP;~ HvAv(t) — w*(t)|| is bounded.

5.3 Batch WSINDy

In the batch setting, assuming w* is constant in time, the weak-form sparse identification of
nonlinear dynamics algorithm (WSINDy) proposed in [99, | solves this problem efficiently by
first convolving equation (5.2.1) with a smooth function ¢ (x, t), compactly supported in € x [0, 7.

After integrating by parts to put all partial derivatives onto ¢, this leads to the convolutional weak
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form:
O) o @
D* " xu(x,t) = Z W1y D% 0 fi(u, ) (x, 1), (5.3.1)
ij=1

where convolutions are performed over space and time. For efficiency, the test function 1 is chosen

to be separable,

P(x,t) = ¢1(x1) -+ Pa(Xa) Para (t)- (5.3.2)

For example, it can be chosen using the Fourier spectrum of the noisy data to mitigate high-
frequency noise (see [99]). Once v is chosen, we discretize the problem by selecting a finite set of
query points Q := {(X(q),tq)}qul C Q2 x (0,T) and evaluating (5.3.1) at Q, replacing u with the
full dataset U. Convolutions can be efficiently computed using the fast Fourier transform (FFT),
which, due to the compact support of ¢, is equivalent to the trapezoidal rule and is highly accurate

in the noise-free case (o2 = 0). This gives us the linear system
b~ Gw",

where the ¢th entry of b is b, = D"‘(O)¢) « Ux(9, tq) and gth entry of the ((¢ — 1).J + j)th column
of G is Gy (i—1)s4j = D"‘mw * f;(U, ')(x(q),tq). Using the assumption that w* is sparse, we solve

this linear system for w &~ w* by solving the sparse recovery problem

i F(wsd) = min S [[Gw = bl + 202wl (5:3:3)
The sparsity threshold A > 0 must be set by the user and is designed to strike a balance be-
tween fitting the data, associated with low residual |Gw — bl|,, and finding a parsimonious model,
indicated by low ||w||, (and its value is typically calibrated via cross-validation) [59, 52].

With a large enough library ©, a sparse vector w is required in order to interpret and efficiently
simulate the resulting PDE. Replacing the {y-pseudonorm with e.g. an ¢5 penalty (i.e. ridge regres-
sion) may shrink coefficients, but will not result in a sparse w. In addition, the columns of G are
typically highly correlated since they are each constructed from the same dataset U, which leads
to many popular algorithms for solving (5.3.3) performing poorly, such as convex relaxation using
the ¢1-norm [95, 12]. In the batch setting, the following approach has proved to be successful under

various noise levels and systems of interest. For A > 0 define the inner sequential thresholding step

w(® = G'b
l
MSTLS(G, b; A) IO =(1<k<IJ : L)) < |wp| < UV} (5.3.4)
wD = argmin  ||Gw — b|j3.

supp(w)CZ®
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Letting G be the kth column of G, the lower and upper bounds are defined

Li()\) = Amax {1, ||”CE')’|| }
F <k<IJ (5.3.5)

1
I bl } -

Uip(A\) = —min< 1,

K= { 1G]

The sparsity threshold \ is then selected as the smallest minimizer of the cost function

Loy = 1GVO) —wO)ly | [wVlg

IGw(0)], 77 (5.3.6)

where w()) := MSTLS(G, b; A). We find A via grid search and set W = MSTLS(G, b; ) as the
output of the algorithm. In words, this is a modified sequential thresholding algorithm with non-
uniform thresholds (5.3.5) chosen based on the norms of the underlying library terms G;_1);4; ~
Da(i)z/;*fj(u) relative to the response vector b ~ D 1hxu. The purpose of this is to (a) incorporate
relative sizes of library terms Gjwj along with absolute sizes of coefficients w* in the thresholding

step, and (b) choose A automatically.

5.4 Online WSINDy

The online setting is defined by data snapshots U") arriving sequentially over time. An estimate
W) of the true parameters w*(t) must be computed before the arrival of the next snapshot U(t+4%)
using only a fixed number Kpem of previous snapshots. Without access to the full time series U,
combined effects of the sample rate At, the number of snapshots Kyem, and the intrinsic timescales
of the data determine the identifiability of the system: At must be small enough to accurately
compute time integrals, but large enough that the data U is sufficiently dynamic over the time
window KpemAt. Corruptions from noise have a greater impact because variance is not reduced
by considering many samples in time, as was the case in the batch setting. Moreover, in realistic
settings, solving for w(® before arrival of the next snapshot Ut+21 fundamentally limits the size
of (G, b) and the number of iterations one may perform using any sparse solver.

The online setting is inherently restrictive, yet it appears well-suited for an important set of
problems that are challenging offline and for settings where W) must be obtained without revisiting
past data. In the batch setting, when the coefficient vector w* varies over time, the library ©
must include time-dependent terms and may grow too large to successfully solve for an accurate
sparse solution. Another issue arises with high-dimensional datasets (as in cosmology, turbulence,
molecular dynamics, etc.), which cannot easily be processed in a single batch. In these cases an
online approach is natural and advantageous even if solutions w(*) are not themselves required

“online”.
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For the online approach, at each time ¢ we seek to minimize the online cost function

1 2 1
' ‘A) = min - |lGOw —p® )2
Jnin, Fi(w; M) = Jnin o HG w—b H2 + 2)\t Iwlly, (5.4.1)

where (G®,b(®) is the linear system created from the Kpen slices {UE~(Kmem=DAY = 1)} at
time £. Notice also that we allow \; to change, as the initial guess A9 may not be optimal. In
this online setting, we assume that we do not have the luxury of computing least-squares solutions
(other than the initial guess), so we cannot use the approach outlined in (5.3.4)-(5.3.6), where
(5.3.4) requires multiple least-squares solves, and performing a grid search over A values requires
multiple solves of (5.3.4). Hence, we consider the following online algorithm, which is simply the

online proximal gradient descent combined with a decision tree update for A\; at each step:

20 = %0 _ 4, (GW)T (GU)@U) _ b(t))
a0 — gy (Zm) (5.4.2)

Avar =T (A, WA AN, M)
The hard thresholding operator H,(w) is the proximal operator of A% ||w||, and is defined as

(Hx(W))r, = . (5.4.3)
0, otherwise.

The map 7 updates \; according to

T, WD AN M) =
(1 . A)\)At, Ft(\/?\\’(t+At), )\t) > Ft,At(’G\V(t), >\t) & StJrAt g_ St
Fy (W20 0 > Fiar(W D, 0) & Sy © Sipa (5.4.4)

(1 — ANt + Amax AN,
F(WAD N) < Foa(Wh,\) & Sy = Siyae

\ At, otherwise.

In words, there are two possible updates to As: a convex combination between A\; and 0 and a convex
combination between A; and Ap.x. The former decreases A\; and occurs when library terms are
thresholded to zero and the objective function F} increases. The latter increase A; and occurs when
either (a) library terms are added and F} increases or (b) the support set S; := supp (vAv(t)) doesn’t
change and F; does not increase®. At each step we set oy = 1/ H(G(t))Tth)Hg, the optimal stepsize
for pure gradient descent given the support S;. As an initial guess we set w(®) = (G(o))T b which

is the only least squares solve performed.

3The value for X (and similarly for o) can easily be replaced by a constant when additional knowledge is available
(e.g. when w* is known to satisfy certain bounds).
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Remark 7. It is well-known in the batch case that picking A is problem specific and prone to
errors particularly in the presence of noise (see [99] for a discussion). Commonly some form of
cross-validation is used to select A offline. This is carried out in [93] for offline PDE identification
using several sparse regression algorithms including proximal gradient descend applied to (5.3.3). It
is less common to update A over the course of the algorithm, although several strategies for this are
presented in [10]. We stress that for variable-coefficient PDEs, as considered here, a time-varying
A is necessary, and offline cross validation can at best provide a good initial guess. The update
policy given by T encodes simple objectives of any algorithm for (5.4.1) and works in all examples

presented, however we leave optimizing the update rule as a topic for future work.

Remark 8. Similar to the batch case, we find that non-uniform thresholding greatly improves
results. For brevity, we include in Appendix 5.A a description of how non-uniform thresholds such
as (5.3.5) are incorporated into the online framework. We also note that the theoretical results in

the next section carry over analogously in the non-uniform thresholding case.

5.4.1 Regret and Fixed Point Analysis

The behavior of the online algorithm is in large part dictated by the behavior of the batch
proximal gradient descent method. The proximal gradient descent algorithm applied to the £y
norm is referred to as iterative hard thresholding (IHT) and was first studied rigorously in [15].
The lemmas below review some useful properties that can be found in that work relating solutions
of (5.3.3) and stationary points of the proximal gradient descent algorithm (5.4.2) in the offline
case and for fixed \. We then use these results to bound the dynamic online regret, which we define

as

E, (WP \) — E(w*(1); M), (5.4.5)

WE

Regp(T) :=

0
At

|| o
||

t
where w*(t) is a global minimizer of Fy(w, A;). In particular, we first have the following:
Lemma 6. Consider w such that one of the following holds:

(i) w is a local minimizer of (5.3.3)

(it) w = Hy (w — G (Gw — b))
(1ii) With S = supp (w), we have that wg € argmin, |Ggz — ng and

2|

max
i€5¢

GT(Gw — b)| < A < min |[wy].
€S

Then it holds that (ii) <= (iii) = (i). Moreover, if w a global minimizer, then (i) = (ii7).

For completeness, a proof of Lemma 6 can be found in Appendix 5.C. For convergence of the

algorithm, we also have the following from [15].
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Lemma 7. Assume that |G|, < 1. Then the iterates w" ! = Hy(w" — GT(Gw" — b)) converge
to a fized point of (5.3.3).

Lemma 6 implies that fixed points of the batch proximal gradient descent algorithm are local
minimizers of F(w;\), and moreover that fixed points satisfy a necessary condition for global
optimality given by (7ii). Lemma 7 then guarantees* that iterates w" do indeed converge to a local
minimizer w, and further that supp (w") = supp (w) for all n > N, for some finite N. However, we
are not aware of results that guarantee recovery of the true support supp (w*), where it is assumed
that b = Gw* + e for noise e. In [1(], support recovery is proved for a related algorithm where
Hy(w) is replaced by Hg(w), which selects the largest s elements of w, but this relies on several
assumptions including a restricted isometry property, small noise e, and knowledge of the sparsity
level s. In the current setting of PDE identification from noisy data, none of these assumptions are
realistic, although a similar support recovery result for algorithm (5.4.2) in the batch case would
fill a gap in the literature.

If a fixed point W with supp (W) = S satisfies that GLGg is full rank, then wg = ng is the
unique least squares solution over the columns in S. In [107] it is shown that this is sufficient for
w to be a strict local minimizer, and moreover the only local minimizer with support S. Also in
[107] is an extensive treatment of global minimizers of F'(w;\), where it is shown that apart from
a measure-zero set of linear systems (G, b), the global minimizer is unique. We use this to bound

the dynamic regret below.

Theorem 2. Let 01 and o, denote the first and last singular values of the matriz G ¢ Rmxn,
Assume the following: max; Ay < A < 00, miny Ont = Omin > 0, max; 014 < Omax, and sup; ap <
onl., infray > 0. In addition, assume that the global minimizer w*(t) of Fy(w;\¢) is unique for
every t and satisfies |Sf| >5 > 0 where S* = supp (w*(t)). Finally, assume that the tracking gap is
globally bounded: |w*(t) — w*(t + At)|, := di < d. Then the dynamic regret (5.4.5) grows at-worst
linearly:

Regp(T) < Cy 4+ CoT

for some C1 > 0 and Co > 0. In particular, %RegD(T) remains bounded.
The constants C; and Cy are specified in the proof, which is presented in Appendix 5.D.

Remark 9. The above result establishes that Regp(T') increases at-worst linearly in 7', but this is
only qualitative (the constants C; and Cs are not meant to be sharp). Asymptotically, this is the
same rate as online gradient descent applied to the time-varying ordinary least squares problem
([162]), and is a well-known fundamental limit for cases where the tracking gap d; does not go to

zero (see e.g. [3]).

Remark 10. Lines (5.D.1)-(5.D.2) of the proof establish error bounds on the coefficients, which

“The condition ||G||, < 1 in Lemma 7 can be replaced by stepsize a > 1 satisfying a < 1/ ||G|[3.
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lead to the asymptotic bound

1
lim sup Hv/\\/(t) — W*(t)H < — lim sup (dt + o\ \SH_MASﬂ) ,
t—00 2 1-— P t—oo

where p := sup;g HI— ozt(G(t))TG(t)H2 and Spya¢/ASF is the set difference between Sy =

supp (W(HN)) and S} := supp (w*(¢)). This implies that if the tracking error and support differ-

ence go to zero (dy — 0, Sipat ASF — () then we recover the true coefficients in the limit.

Remark 11. The assumptions of Theorem 2 are standard for overdetermined G() and data that
is not pathological. In particular, upper bounds on o1 ; and d; merely imply that the data does not
blow up, while lower bounds on o, and |Sf| imply that the data does not reach an equilibrium
state. While both of these cases, blow up and equilibration, are interesting, the former rarely
occurs in practice, and the latter is sufficiently challenging as to require new developments in a
future work. Upper bounds on ); and oy are cosmetic and required for the algorithm to produce
nonzero solutions that are bounded. A lower bound on «y is crucial to ensure p < 1, which
is necessary for convergence once the correct support has been recovered. We leave the case of
underdetermined G*) to future work, but note that in practice the algorithm generally reaches an

overdetermined subset after finitely many iterations.

Below we only examine cases where S; = S* is fixed, and find that over a wide range of
parameters the correct support is found in finitely many iterations. This leads to scenarios where
the dynamic regret depends only on d; asymptotically (see Figure 5.5.3 for a visualization of this
case for the time-varying wave equation). We leave online discovery of PDEs with time-varying

support to future work.

5.5 Numerical Experiments

Our primary focuses are the performance of the algorithm as a function of the number of
snapshots Kpem allowed in memory and the sensitivity of the algorithm to noise. We examine the
following three examples which display a range of dynamics over one to three spatial dimensions:
the Kuramoto-Sivashinsky equation in 1D, a time-varying nonlinear wave equation in 2D, and the
linear wave equation in 3D. We abbreviate each by KS, W2D and W3D. For each experiment we
simulate a noise-free solution U4t to the given PDE over a long time horizon. We then add i.i.d.

Gaussian noise with mean zero and standard deviation o = ong ||U*||., . to each data point for a

rms

range of noise ratios® ong. After an offline phase where a least squares solution is found from the

first Kinem snapshots, we feed in one new snapshot at each time ¢ and apply the online algorithm
(5.4.2).

®Note that onr is approximately equal to the ratio ||€()||, / [|[Uezact(:)||, of the noise to the true data, where
“Uegact (:)” denotes Uegqer stretched into a column vector.



128

Algorithm Hyperparameters

We fix as many hyperparameters across examples as possible, and differences are summarized
in Table 5.5.1. In all examples we fix the sparsity threshold update to AX = 0.1, the initial sparsity
threshold to A\g = 0.0001, and the maximum sparsity threshold to Apax = 0.1. For the library we
use

© = {9 ()}, 1<i<d, 0<k<4,0<j<4

in other words all spatial derivatives up to degree 4 of monomials up to degree 4 of the data (ex-
cluding mixed derivatives). For direct comparison of the effects of Kyem and oypg across examples,

we fix the test function 1 in the representation 5.3.2 so that®

11
di(x;) = <1 - (;Aixf) . 1<i<d (5.5.1)
+

(5.5.2)

and

2\ 9
d)d+l(t) = <1 B ((Kmem j 1)At/2> >+’ (5'5'3)

where (z)1 := max{z,0}. In this way 1 is supported on 2 x 21 + 1 = 43 points in each spatial
dimension and Kpen, points in time, although note that (Ax, At) change across examples. Since
¢q+1(t) is supported on Kpen points, there is only one integration in time at each iteration, so that
the query points are given by Q = {(x(q),tq)}qul = Ox X {t — (Kmem — 1)At/2} where for each
example Qy is fixed across all values of Kpem and ongr. We take Ox C X to be equally-spaced
and such that the linear system (G, b(®)) contains less than 10,000 rows (see Table 5.5.1 for exact
dimensions). Online iteration times are reported below for computations performed on a laptop

with 1.7GHz base clockspeed AMD Ryzen 7 pro 4750u processor and 38.4 GB of RAM.

Remark 12. By defining the temporal test function ¢g.1(t) to depend on Kyem according to
(5.5.3), the implied strategy is that increasing Kyem (keeping more snapshots in memory) leads to

more accurate integration in the time domain. One could instead fix the test function

Ga+1(t) = <1 - (TntAt)2>g
n

for some m < (Kpem — 1)/2 for all Kyem considered, leading to a fixed integration window of

length 2m + 1 in time. Increasing Kpem would then allow for more integrations in time (i.e. a

5Test functions (5.5.2) and (5.5.3) can be made general by replacing powers p, = 11, p; = 9 and spacings m, = 21,
mi = (Kmem — 1)/2 with general values pg,p: and mg, m; as in [99, 98]. The resulting general form for 1 has been
shown to be successful across a wide range of systems. However, optimal test function selection is an active area of
research.
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dims(X) T | dims(G®) (Az, At)
KS 256 x 1 3946 | 214 x 21 (0.939,0.586)

W2D 129 x 403 1639 | 7964 x 37 | (0.0156,0.0122)

W3D | 128 x 128 x 128 | 960 | 8192 x 53 | (0.0491,0.0122)

Table 5.5.1: Resolution and dimensions of datasets used in examples.

larger set of query points Q), adding rows to the linear system (G® b®). Our chosen strategy
fixes the dimensions of (G(t), b(’t))7 leading to a more direct comparison across examples. We leave
this trade-off between the number of time integrations and the accuracy of time integrations to

future work.

Performance Analysis

We are concerned with the ability of the algorithm to recover the support of the true model
coefficients S* := supp (w*) as well as the accuracy of w® over time, depending primarily on the
number Kem of solution snapshots allowed in memory and the noise level onyp corrupting the

data. To assess support recovery, we measure the true positivity ratio (TPR)

A TP(w®)
TPR(W) :=
(W) = @ ®) - FP(W®) + FN(wO)
where TP(w(®) := |S; N $*| is the number of correctly identified nonzero coefficients, FP(w®)) :=

|S¢ N (S5*)¢] is the number of falsely identified nonzero coefficients, and FN(w®)) := |S¢ N S*| is the
number of falsely identified zero coefficients. A TPR of 1 indicates successful support recovery, while
TPR = 0.75 indicates 3/4 terms were correctly identified, and so on. We measure the accuracy of

w(® in the relative fo-norm:
By ) = W —wt)|_/ W)l
We report the results of TPR(W(")) and Ey(w®)) averaged over 100 instantiations of noise.

5.5.1 Kuramoto-Sivashinsky (KS)

Ou = —0 (UQ) — Opztt — Opprzl. (5.5.4)

The Kuramoto-Sivashinsky (KS) equation is challenging because the solution exhibits spatiotem-
poral chaos and so has a Fourier spectrum that varies in time. This leads to potentially different
dynamics at each timestep in the online learning perspective. The PDE also has a 4th-order deriva-

tive in space which is difficult to compute accurately and to identify via sparse regression, especially
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when noise is present. We simulate the solution using a high-order method (accurate to 6-7 digits)
and use a dataset of 256 x 3496 points in space and time at resolution (Az, At) = (0.393,0.586).
Online iterations take less than 0.01 seconds, which includes building the linear system (G(t), b(t)),
which is the most costly step.

In Figure 5.5.1 the average evolution of Ey(w(®)) and TPR(w") is depicted for various noise
levels onyr and memory capacities Kpyem. The system is correctly identified for all trials when
Kmem € {13,17,21,25} and ong € {0,0.001,0.01}, with relative errors Ej less than 1072 once the
system is identified. For larger noise oygr = 0.1, results stagnate at sub-optimal values, indicating
that more data is needed to identify the system (note that G® only has 214 rows). With Kpem =5
we recover the correct system only in the noiseless case (onyr = 0), indicating that 5 points in time

does not result in accurate resolution of the dynamics.

5.5.2 Variable-medium nonlinear wave equation in 2D (W2D)

A = ¢(t) (Opzu + Oyyu) — u® 5.5.5
Yy

We examine a variable-medium nonlinear wave equation in 2D, given by equation (5.5.5), where

the variable medium is modeled by the time-varying wavespeed
2
c(t) =1+ (0.2)— arctan(40 cos(27(0.1)t)),
™

The wavespeed is a smoothed square wave and represents a system with abrupt speed modulation
(see Figure 5.5.3 for depictions). We simulate the solution using a Fourier ® Legendre spectral
method in space with leap-frog timestepping. The exact data Ugyqr has dimensions 129 x 403 x 1639
in (z,y,t) with resolution (Az, At) = (0.0156,0.0122). Each snapshot U® is 0.42 megabytes (Mb)
and online iterations take approximately 0.08 seconds.

Figure 5.5.2 shows robust recovery for Kpem € {13,17,21,25} up to oyg = 0.1, with rapid
identification for small noise. This is despite abrupt changes in the wavespeed c. For Kyem = 9 we
see recovery up to oygr = 0.001, indicating that for larger noise 9 points in time is insufficient to
discretize the integrals 0u1) * u accurately, analogous to the case Kpem = 5 for KS.

The left panel of Figure 5.5.2 shows that once the system is identified, abrupt changes in
the wavespeed temporarily increase the coefficient error Fo, but the correct support S* remains
identified and the errors swiftly decay. In Figure 5.5.3 we plot the average learned wavespeed ¢(t)
as well as the maximum and minimum values of ¢(¢) attained over all 100 trials, revealing that
increasing Kyem from 17 to 25 leads to a significant decrease in the variance of ¢ after the system
has been identified. This is purely an affect of using the weak form to discretize the time derivatives,
and demonstrates that even under large noise and abruptly changing coefficients, the algorithm is

able to maintain support recovery and accuracy.
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Figure 5.5.1: Online identification of the Kuramoto-Sivashinsky equation (5.5.4) for Kyem €
{5,9,13,17,21,25} and (top to bottom) onr € {0,0.001,0.01,0.1}. Left: average coefficient error
Eo(w®). Right: average total positivity ratio TPR(w(®).
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Figure 5.5.2: Online identification of the variable medium nonlinear wave equation (5.5.5) for
Kem € {9,13,17,21,25} and (top to bottom) ong € {0,0.001,0.01,0.1}. Left: average coefficient
error Fo(w(®). Right: average total positivity ratio TPR(w ().
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Figure 5.5.3: Online estimation of the wavespeed ¢(t) (shown in black) for PDE (5.5.5). The
average learned wavespeed ¢(t) is shown in red while the blue shaded region shows the maximum
and minimum values attained over all 100 trials. Notice the accuracy for later iterations when
ongr = 0.01, and the reduction in variance moving from Kpyem = 17 to Kpem = 25 when oyg = 0.1.
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5.5.3 Wave equation in 3D (W3D)

Ontt = Oggptt + Oyt + 0,21 (5.5.6)

For our last example we treat the linear wave equation in 3D. Exact data U.,q.+ has dimensions
128 x 128 x 128 x 960 in (z,y,t) with resolution (Az, At) = (0.0491,0.0122). Each snapshot U®
is 16.8 Mb and online iterations take approximately 1.3 seconds.

Results are depicted in Figure 5.5.4. We again find robust recovery for Kpem € {13,17,21,25}
up to onyg = 0.1, although in 5% of trials at oyg = 0.1 the Kyem = 13 case finds a spurious term
~ —0.8u. Even at onygr = 0.1 the coefficients are accurate to more than 2 digits once recovered
for Kiem > 17. For Kpem = 9 we see poor performance for the same reason as above with W2D,
but now manifesting as recovery of the spurious term =~ —0.8u, indicating that the inaccurate
computation of 941 * u produces spurious damping. This is not an altogether unreasonable affect if
computing 01 * u numerically is viewed as an attenuated second derivative calculation, although

it does imply that higher-order time derivatives require more snapshots to be saved in memory.

5.6 Conclusions

We have demonstrated on several protoypical examples, and over a wide range of noise and
memory scenarios, the viability of an online algorithm for PDE identification based on the weak-
form sparse identification of nonlinear dynamics algorithm (WSINDy). The core of the method
combines a weak-form discretization of candidate PDEs with the online proximal gradient descent
algorithm applied directly to the least squares cost function with fp-pseudo-norm regularization
(5.4.2). Compared with the more common approach of regularizing the fy-pseudo-norm (e.g. with
[|[[; or weighted variants [20]), we find that directly applying proxy.| , leading to hard thresholding,
and adaptively selecting ), exhibits good performance in efficiently identifying systems, handling
noise, and tracking time-varying coefficients.

Numerical experiments with an abruptly changing wavespeed indicate that our method is a
lightweight counterpart to existing methods for variable coefficients (e.g. [116]), which may be of
independent interest in the control of wave equations in variable-media ([13, 15, , , 30, 139]).
Examination of the wave equation in 3D also offers a different perspective on PDE identification in
higher dimensions: problems with large datasets can be implemented in an online data-streaming
fashion (not necessarily along the time axis as implemented here). It may therefore be advantageous
from the standpoint of memory usage to solve certain batch problems in the online manner we have
presented.

The algorithm’s successes warrant further investigation in a number of areas. While we have
characterized stationary points of the batch algorithm and proved boundedness of the average

dynamic regret, we leave a more complete analysis to future work. In particular, one could analyze
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Figure 5.5.4: Online identification of the wave equation in three spatial dimensions (5.5.6) for
Kmem € {9,13,17,21,25} and (top to bottom) onr € {0,0.001,0.01,0.1}. Left: average coefficient
error Ey(w®). Right: average total positivity ratio TPR(w(").
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the error Hw(t) — w*(t)H as a function of library O, test function v, data sampling rates (Az, At),
memory size Kyem, Noise ratio oy g, etc. It may also advantageous to design adaptive schemes which
update © and v throughout the course of the algorithm, depending on the dynamics of the data and
previously learned equations. We also note that an obvious next direction is to identify switching
systems where the true support S; changes with time. Nevertheless, the current framework is
well-suited for a large variety of problems and opens the door to online PDE identification as well

as the possibility of solving batch problems in an online manner.
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Appendix

5.A Column scaling and non-uniform thresholds

For stability, we normalize the columns of G® at each step, defining GO = GOM® with
) _ @]~ @]~
M® = diag HG1 Hz ,...,HG,JH2 .
In particular, this allows for a larger stepsize oy = 1/ H(é(t))T(N}gt)HQ and leads to a reasonable

estimate oy = 1/4/|St|IJ for a stepsize that does not require computation of the matrix 2-norm.
For more flexibility, we allow for non-uniform thresholding. For a set of thresholds A € R’ we

define the non-uniform thresholding operator Hy by

Xi, |xi| =N\
(Hx(x))i = .
0, otherwise.

This happens to be the proximal operator of the non-uniform fyp-norm

1J
[xllo == Z’\?RR\{O}(Xi)a (5.A.1)
=1
where [|x[|o ) = A2 |x|l, when A = (A,..., ). The resulting online cost function being minimized

after incorporation of both non-uniform thresholding and column rescaling is
w0y — Lo |4 L
Fy(wid®) = 2{|GOw = b0+ = [[wllg,arc0y-10 - (5.4.2)
whose fixed points w*() coincide with those of the desired cost function
0y~ Lg® |4 L
F(wid®) = 2[|GOw = b0+ = wilo ro (5.A.3)

after a diagonal transformation w*® = M®%*®  With these two pieces, the online algorithm
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for (5.A.2) becomes

w® = (M®)~1x®
WA — Ho (M<t> (V~V(t> — & (G (é(t)ﬁ,(t) _ b<t>))) ,

however this can equivalently be written in terms of the desired coefficients w(®) as
WA — ) (vw) — GO GO (G<t>€v<f> . b<t>)) . (5.A.4)

In direct analogy to the batch WSINDy thresholding scheme (5.3.4)-(5.3.5), we use thresholds
A0 = max(1, [[b®|| diag(M®)));, which eliminate small coefficient values min;eg, |v/s\/§t)| > A\ as

well as small terms in the sense of dominant balance with respect to b®:

v
. 3 3 2
ey, SN

The update rule (5.4.4) for )\; is unchanged after replacing Fy(w; ;) with Fy(w;A®)) defined in
(5.A.3).

5.B Implementation and Computational Complexity

The offline phase has four components:

1. Initialize hyperparameters 1(x,t) = ¢(x)6(t), © = {Da(i)fj}f;{),j:l, AN, Amax, Ao, where
the test function 1 is either prescribed manually or selected using the changepoint algorithm
from [09] using the initial Kyem slices {UO), ... U(Kmem=1)AHY

2. Compute and store the Fourier transforms {Damw}f:o to reuse at each step when computing

convolutions (recall v is separable so this storage cost is negligible).
3. Compute initial library of spatially integrated terms

— )y (Kmem—1)At B() ) I.J (Kmem—1)At
v o= {UV} 0 = {D o f;(U )(Qx,t)}

i=0,4=1J,_,

where B0 = (agi), ... ,ag)) is the spatial part of the multi-index a®) operating on the spatial
part ¢ of the test function v (recall that QOx is the set of spatial points over which convolutions

are evaluated, also equal to the number of rows in G(t)).

4. Compute initial weights W(©) = (G) b0 where b® and G are obtained by integrating

(1)
the elements of ¥ in time against the corresponding temporal test functions D%d+10.
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For each t in the online phase we compute U® using only the incoming slice U®), which replaces
P (t—KmemA) iy memory. (G( ) b(t)) are then computed by integrating the elements of ¥ in time
against the corresponding temporal test functions D d+19 which amounts to a series of dot products
between length-Kem vectors. Computation of G at each time t thus requires J|X| function
evaluations f;(U®) (each counted as 1 floating point operation (flop)) followed by I.J convolutions

against DAY ¢, and finally integration in time. The total flop count at each step is at most

JIX] ( + CIlogN + 2IKpem %"‘)
where C'is such that x*y costs CN log N using FFTs for length-N vectors x and y, minus the cost
of one FFT (since we have precomputed these for Dﬁ(i)qﬁ) and N ~ |X|"/? is the one-dimensional
length scale of the data. In other words, only

F=J <1 + CIlogN+IKmem|§<x||>
flops are performed per incoming data point in U® (and a more careful analysis leads to a lower
cost in the factor C'Ilog N by incorporating the subsampling X — Qy). Note that F' does not
depend on the spatial dimension d of the data set (except through library term I, which might
increase with d as more differential operators become added). The total working memory W to store
¥ and (G®, b®) as outlined above is given by W = I.J| Qx| Kmem + (I + 1).J|Qx| double-precision
floating point numbers (DPs).

Remark 13. There are several natural choices to consider to either decrease storage restrictions
or increase computational speed. However, it is not clear that the anticipated savings will man-
ifest. For instance, we could instead store the spatial Fourier transforms of the nonlinearities
{fJTU\@))};]:(ﬁf?AQ';‘_I)At, resulting in a working memory of J - Kpep, - | X[ instead of I.J]|Ox|Kmem
to store W. This would require that we compute spatial convolutions over all Kj,ey time slices
at each time point, instead of spatial convolutions over just the incoming time slice U® | hence
resulting in a Kem-fold increase in computation time, as this is the leading-order cost. In addi-
tion, the storage “savings” may actually be worse, specifically if I|Qx| < |X|. We believe that the
method outlined above provides a near-optimal balance of computational complexity and storage

requirements, with a heavier emphasis on reducing computational complexity.

5.C Proof of Lemma 6

Consider w such that one of the following holds:
(i) w is a local minimizer of (5.3.3)

(i) w= Hy (w— GT (Gw — b))



140

(iii) With S = supp (w), we have that wg € argmin,, |G sz — b||3 and

max
i€S¢e

GI(Gw — b)| <A < miép\wﬂ .
1€

Then it holds that (ii) <= (iii) = (i). Moreover, if w a global minimizer, then (i) = (ii7).

Proof. (iii) = (it) is immediate. To show (ii) = (iii), let S = supp (w). Then we have
wg =wg— GL(Gw —b),

which implies that min;eg |w;| > A so that GLGgwg = GLb, so that wg € argmin, |Ggz — b|3.
On S¢ we have

H) (G& (Gw—b)) =0 = max

Gl (Gw —Db)| < .

To show that (i7) and (i7i) imply (i), we note that under usual assumptions of two closed, convex

and proper functions f and g, we have
w € prox, (w — df(w)) <= 0€ df(w)+dg(w) = w € argmin(f + g),

however |-, is clearly not convex”. Instead we can directly show that for a perturbed vector w =
w1, for suitably small ||| the objective is non-decreasing. Using that wg € argmin, |G gz — b3,
let P& be the projection onto {span(Gg)}+. The difference in objective F is then given by

. 1 2 2\ A%
P(W; ) = F(wi\) = 5 ()\P§b+ G|, - HPﬁb\L) + 5 (Il = [Iwll)

1 5 N N
= 5 IGnl3 + (PEb,Gn) + - (1] — wl,)
If supp () C supp (w) and |9, < A, then ||w||, = [[w]|, and (P{b,Gn) = 0, hence F(w;\) —
F(w;)\) > 0, with equality only if Gn = 0, which in particular is not possible when Gg is full rank
unless = 0. If supp () ¢ S and [|n||, < A, then P{b = 0 implies a strict increase in F, while if

Pﬁb # 0 then
2 1
2 [[Pgbll, IGse 5

mselly < e:=
implies a strict increase in F'. To see this, note that <Pl, Gn> = <P43-7 Ggen Sc> implies the bound
~ 1 A2
F(#;2) = F(w; A) 2 = [PEb|_[Gisell lmsell, + 5 > 0.

Note that € is not tight. Combining these conditions gives a ball around w over which F' is non-

"In fact the subdifferential 9 |-, (w) = 0 unless w = 0, upon which 9 ||-||, (w) = {0}.
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decreasing, hence w is a local min. Finally, that w a global minimizer implies (iii) can be found

in [158]. O

5.D Proof of Theorem 2

For convenience, we restate the theorem here. Without loss of generality in the following we
set At = 1.

Theorem 3. Let 01 and o, denote the first and last singular values of the matriz G ¢ Rmxn,
Assume the following: max; A\ < A < 0o, miny Ont = Omin > 0, max; 014 < Omax, and sup; oy <
onl., infray > 0. In addition, assume that the global minimizer w*(t) of Fy(w;\¢) is unique for
every t and satisfies |Sf| >$ > 0 where S* = supp (w*(t)). Finally, assume that the tracking gap is
globally bounded: |[w*(t) — w*(t +1)||, := di < d. Then the dynamic regret (5.4.5) grows at-worst
linearly:

Regp(T) < Cy 4+ CoT

for some C1 > 0 and Co > 0. In particular, %RegD(T) remains bounded.

Proof. First we decompose Fy(w; \t) = gi(w)+hy(w) = HG(t)w —b® H; + A% ||wl|,. We can bound

the difference in g; as follows:

a3~ gt ) = [ o~ (50,60 (w0 v

= @@ w® —wr o) - 2(GOwO W (1)), GOw (1) - b))

taking |-| of both sides and noting from the Lemma that || (GO (GOw*(t) — b)) Hoo < A¢ implies
that

w®) — W*(t)Hz +20/1(5%)°

wt) — W*(t)HZ +2\/n —3 Hw(t) - W*(t)H2 .

o)

For h; we have simply
®y * 2 _ja* 32/, =
ha(Wi) = ha(W(2)) | = A7 S| = [SE]| < A7 (n —5).
For any vectors x,y € R", it holds that

[HA(x) = Hx(¥)lla < [ = yllo + A/ 15245,

where S;ASy = (S, N Sy) U (S, N Sy) is the symmetric difference of the sets S, = supp (Hx(x))
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and Sy = supp (Hx(y)). This implies, together with stationarity of w*(t),

s —wee]

_ HH%M (W<t) — a(GO)T (G(ow(t) _ b(t))) — Hap, (W*(t) — ay(GO)T (Ga)W*(t) _ b<t>>) H
<[ (1= au@)Ta®) (w —wr )|, + ke IS1087]

< max (|1 — a0, |, 11— g2, |) [w® —w @) +aiy/ISia 287

= w0 w5

Using that Hw(tH) —wr(t+ 1)”2 < Hw(t“) - W*(t)H2 + d;, we have the recurrence relation

Hw(tﬂ) —w(t+ 1)“2 < p Hw(t) — w*(t)H2 + di + oAy |Se+1 S]], (5.D.1)

where, by assumptions on o1 ¢, 0, and ay, it holds that max; p; < p for some p < 1, hence we get
the bound

2

o <], < [0 <0, < @i Y < o - o]+
s=0

(5.D.2)
We note in passing that this implies a uniform error bound on Hw(t) — w*(t) H2 which asymptotically
depends only on the tracking gap d; and the support difference |S;ASy|. Finally, using this bound

and previous calculations for g and h, we get

T
RegD(T) < 61 Zﬁt + CT < Cy + CyT
t=0

=2 = 2 [lw(® — w* _ TN A2
Cr= O _ Tmad HW(O)_W*(O)H2+ |w w )], 54 @ AAVR)T,
1-p 1-p 2 (1-p)? 1-p
(5.D.3)

Cy= (32, — 1) <W>2 - (W +AVn —3)2. (5.D.4)

This completes the proof. O
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Chapter 6

Conclusion

We have investigated a weak formulation of the equation discovery problem, finding that it is
both generally applicable and advantageous for a wide range of scenarios. As is often the case in
mathematics, the starting point is to relax assumptions, in this case extending differential equations
to their integral counterparts. Beyond that, we were fortunate to find a subclass of test functions
within the uncountably infinite space of possibilities that affords computational efficiency, high
accuracy, and most importantly, robustness to noise. This has been demonstrated for ordinary
differential equations, partial differential equations, and stochastic interacting particle systems,
and the computational efficiency shows promise for online discovery of equations. Still, the utility
of this method has not been brought to bear on experimental data, and fundamental theoretical
limits have not been established. These are among the many future directions that are possible
now having extensively verified our approach in the test cases presented here. We will now review

several important next directions, and where possible, indicate progress that has been made.

6.1 Future Directions

6.1.1 Coarse-Graining and Homogenization

As demonstrated in [98], the weak form is capable of finding homogenized versions of equa-
tions that have highly-oscillatory components. In fact, in this example we discover equations
directly from particle trajectories, hence we demonstrate two limits: the passage from particle
to continuum, and the passage from a highly-oscillatory continuum description to a homogenized
description. This and other mean-field equations can be seen as a form of coarse-graining, where
the microscale information (unavailable to the observer) is averaged over, producing an equation
only for the macroscale variables. Typically, the weak form is the key analytical tool used to pass
from microscale to macroscale. Put another way, the weak form is already designed to “see into
the macroscale” using data from intermediate scales. In future works we aim to demonstrate more

broadly that this holds computationally and in practice.
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6.1.2 Closure Modeling

A related line of inquiry to coarse-graining is closure modeling. In this case the true equations
are unavailable (due to e.g. experimental limitations), however an effective equation in terms of
observable variables is known apart from a few terms that need modeling. These terms typically
can be well-approximated using gradients of state variables (as in turbulence modeling), but may
involve more complex dependencies and higher-order derivatives. WSINDy may come to the fore
in identifying key closure terms from the data, however it appears necessary to extend the current
architecture to include terms that cannot have strong derivatives transfered to test functions using

integrated by parts, such as (9,u)?. We discuss this more below.

6.1.3 Biological Applications

The original influence for considering a weak formulation of the discovery problem was biological
data on collective cell migration. This scenario creates the perfect storm for consideration of weak
formulations, as it is highly multiscale, contains many sources of noise, and results in non-smooth
dynamics.

In these experiments, cells are grown in wells and driven to migrate into vacant areas of the wells.
The path from experimental imaging to trajectories of cell nuclei over time is frought with noise
from imperfect nuclei staining, image tracking errors, and intrinsic Brownian motion, obscuring
the interactions between nearby cells. Noise at the cell level suggests a more macroscale approach:
viewing the population as a continuum and modeling its evolution using a PDE. This is inherently
related to the aims of the previous section on coarse-graining: a macroscale description of cells
constitutes the effective dynamics (coarse-grained, mean-field, homogenized, etc.) for a medium
driven by a volatile, yet possibly homogeneous, microstructure. Finally, due to sharp fronts between
pixels with cells and those without cells, the dynamics at the PDE level are not smooth. Altogether,
noise, coarse-graining, and lack of smoothness are generically handled by a weak formulation.

This is ongoing work with the members of Xuedong Liu’s lab (CU Biochemistry), with many
different directions in the works. Our first submitted work is [102] where we adapt WSINDy to
identify the rules of interacting particle systems containing multiple species of particles. In this
work we simultaneously perform model selection and classification of the population into different
species. However, this is a methodology paper, and has not yet been applied to experimental
data. Several experimental challenges in this direction are (i) growing cell cultures to high enough
cellular density to generate cell-cell interactions, and (ii) capturing a time window of high collective
motility, which is difficult to predict, and (iii) imaging the cells frequently enough to accurately
infer dynamics. Luckily, understanding of these challenges is growing rapidly. We believe that it
is only a matter of time before viable datasets are produced to conduct real inference of collective

cell migration models using WSINDy.
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6.2 Open Questions

6.2.1 Fundamental Limits of Recovery

The most important question we can hope to answer about weak-form equation discovery is the
following: under what conditions is recovery of the correct model is guaranteed? Conditions may
take the form of (i) sufficient data resolution in space and time, (ii) limitations on the level and
type of noise corrupting the data, and (iii) bounds on the relative magnitudes of various coefficients
and terms in the true model.

Related to (i) and (ii), we would like to know how coarse the data can be gathered and still
recover the system. This is of fundamental importance to practitioners because experiments are
rarely cheap to perform. The coupled dependence on noise and data resolution is at the heart of
theoretical recovery concerns, and we hope to attack this problem in the future.

Also related to (i) and (ii), on the opposite side of the spectrum, is the question of convergence.
In the infinite-data limit, does WSINDy provably recovery the system? In the case of interacting
particle systems, we partially answered this, but importantly did not take sparse regression into
account (only ordinary least squares). There does exist a consistency result for ¢;-minimization
in the infite-data limit [62], however it is assumed that HGTGG Se

S, which isn’t possible to guarantee when S is unknown, and rarely holds in practice. Still, the

< 1 on the true support set
1

overwhelming evidence that WSINDy is robust to high levels of corruption, and improves with
data availability, suggests that the MSTLS algorithm employed throughout this dissertation has a
provable range of recovery that includes a wide range of models.

Related to (iii) are two ideas. First is the subspace of solutions that the data is sampled from.
In particular, if we have a term W;jDas fj(u) that is outside of the dominant balance of the equation
(i.e. wszaS fi(u) < 9yu), how much corruption can the data handle and still identify that w7; # 07
Or the opposite case of a system close to equilibrium: how small can J;u be and still identify the
model? To the best of our knowledge, these questions have not yet been answered quantitatively,
but greatly impact the usefulness of any system recovery algorithm in practice.

The second idea related to (iii) concerns the absolute magnitudes of the coefficients w*. Many
works on sparse regression for PDEs threshold on the magnitude, which may have no bearing on
the term magnitude w’s*jDas fj(u). By rescaling the data as in Chapter 3 we arrive at an intriguing
paradigm, that one may threshold the coefficients at any scale one choose, so then the question
becomes, which scales are appropriate? In any case, there is much work to be done at the interplay

of sparse regression and scales in model recovery.

6.2.2 Systems that cannot be integrated by parts

WSINDy is currently only capable of eliminating numerical differentiation for terms that can be
directly integrated by parts. In particular, terms that are nonlinear in derivatives of state variables,

such as (0,u)?, have no representation D®f(u) for linear (differential) operator D and nonlinear
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function f (as far as I know). This is a limitation for example in turbulence modeling, as closure
terms are often nonlinear in gradients of the velocity field. An obvious solution to this problem is to
simply approximate the derivative from data (9, U ~ 0,u) as is done in strong formulations of the
discovery problem, but then still apply the weak form without integrating by parts (i.e. compute
¥ * (0, U)?). However, it remains to be seen what numerical techniques are most advantageous for
computing (9, U)?, knowing that convolution with ¢ will follow.

Another large class of systems that are not immediately amenable to the weak form are discrete
dynamical systems. In particular, it is not clear how to integrate the system u"*! = F(u") against
a test function, and whether this offers an advantage. However, there does exist a summation by

parts formula:

n

nkk+1_k:nn+1_11_ B _ k1) o
kzl¢ (u u) (d)u wu) (1/1 P )u

k=1

If the dynamical system has a recursive structure, u"*! = u” + F(u"), it is possible to form the

discrete-weak regression problem from the equation

n

_ Z (wk _ wkq) o = Zkamk)
k=1 k=1
for test functions v with ¢ = ¢! = 0. However, in this case the left-hand side is equivalent to

the left-hand side of the previous equation, so it is not clear that summation by parts offers any

advantage.

6.2.3 Optimal Test Functions and Quadrature

The question of which test functions are best suited for certain problems and certain noise levels
remains open. The test functions used throughout this dissertation were first found experimentally
to yield high accuracy. We then proved why this was the case using to the Euler-Maclaurin formula.
This did not immediately explain why the weak form works well to ameliorate noise. Using Fourier
analysis, we realized a connection between the spectrum of the data and the spectrum of the test
function, and developed a way of choosing test functions to damp high-frequency noise. We have
aimed to provide constraints that are agnostic to the form of test function, namely constraints on
the decay rate of the test function in both Fourier space and real space. This does not require
the test function to be a piece-wise polynomial, so can easily be extended to another class of test
functions.

It is clear that the test function must be chosen in tandem with a quadrature rule. The
trapezoidal rule is clearly advantageous for uniformly-spaced data, both in speed and accuracy.
While uniformly-spaced data is most common (e.g. pixels are uniformly spaced, and time sampling

is often uniform), adapting WSINDy to the case of non-uniformly-spaced data would greatly widen
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its scope. For instance, it is well-known that wall-bounded turbulence and other flow-separation
problems cannot be simulated on a uniform grid. There are at least two ways to adapt the current
framework to these problems. The first is to find test functions and a quadrature rule that are
specific to the grid available. The other is to interpolate the data back onto a uniform grid, and
then use framework we’ve developed. An interpolation problem can be made linear in the data, so
we can directly compute the effect on the noise distribution resulting from interpolation. Consider
U = u(x) + € with e ~ N(0,0?) i.i.d. where x is a possibly non-uniform grid, and we would like to

interpolate onto a uniform grid X. With interpolation operator ®, the resulting data U satisfies
U = oU = du(x) + n,

where

n = ®e ~ N(0,5°007).

Now we see that we are in the framework of correlated noise, with variance depending on the
conditioning of ®. This relates back to the previous section of fundamental limits of discovery:
how correlated can the noise be and still discover the system? This is one of the many possible

future directions to take this work.
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